Basic flow equations — based on general conservation principles:

- mass conservation principle

- momentum conservation principle

- energy conservation principle (first thermodynamics law)
and

- second thermodynamics law (entropy rise)

and can be formulated in various, mathematically equivalent manners. In the case of continuum we can consider balance of
any (scalar) quantity per unit volume U (density, momentum component, energy, enthalpy, ...) in an arbitrary, fixed in space
volume £2 having a closed boundary 6€2.

Fig. 2.1 Control volume to get conservation law
for a quantity U

U-dQ

Total amount of quantity {/ enclosed inside considered control volume is le and varies in time due to:

- inflow through the boundary from the surrounding (flux effect)
- due to sources of a quantity U inside control volume or on their boundary
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The flux vector of a quantity U can be expressed as a sum of convective flux (transportation of a quantity U with the motion velocity V ):

F.=vV.U

and diffusive flux, (due to the smoothing tendency in any non-homogeneous distribution of intensive quantity):

—

F,=-xx-p-VWU/p)

where x - diffusivity constant.

Variation of a quantity U within the control volume €2 due to nonzero normal component of a flux:
— ﬁ F-ndS
1.9
and due to volume and surface sources: _”L QV dQ+ ﬁ& QS -ndsS .

As a result general form of the conservation equation for the quantity U is:

(= s + ] 0,0+ ] 0. -nas

or:
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g fif sas=[[[ 0.0+ ff, 605

Applying Gauss (divergence) theorem for fluxes and surface sources we can get::

mﬁ —+v F-0,-V-0O [d2=0

Since the above equation must be true for any volume choice, the integrand must be equal zero, leading to differential form of the conservation
law:

aa_lt]_l_v (F_QS): QV (2.1b)

Equation (2.1a) is a general form of the conservation law in the integral form, applicable to any (fixed in time) control volume. Equation (2.1b)
expresses the same conservation law in the differential form. Mathematically they are equivalent and can be used as a basis for various
computational methods.
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Mass conservation law

The quantity U is, in this case, the specific mass — density. 0. Equations (2.1a) and (2.1b) express the mass conservation law —
known as continuity equation. There is no diffusive mass flux nor mass sources. Finally equations took the form:

ST o Ji o) as <o

(2.2b)
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Momentum conservation law

In this case under U we put ,0 V (momentum for unit volume). Equations (2.1a) and (2.1b) express momentum conservation law.

We must add expressions for volume and surface momentum sources. Surface momentum sources are: normal forces (pressure) and tangent

stresses (due to viscosity). They are second order tensors:

O.=c=-pl+7

I is unit tensor and tangent stress tensor for newtonian fluid is equal:

ou, Ou;\| 2 ou,

T. = + == ..
i = A ox; ox,) 3" ox, "’

l

Volume momentum sources are mass forces (e.g. gravity) @y = p - f . As a result equations take the form:

S b f (or7) s = I b, prs « s .

dg’t—ﬁ)+v-(pl7r7)=pf—vp+v-?

known as Navier-Stokes equations.
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Energy conservation law

2
In this case under quantity { we put product of density p and total energy E=e+ (V) /2 total energy for unit volume). Equations
(2.1a) 1 (2.1b) express energy conservation law. The surface energy sources are the result of work of shear and normal stresses acting on the

surface:

Q= (—p] +f)-v
Volume energy sources are work of the volume forces and other heat sources (due to radiation, chemical reactions):

QVZQ"'/)]?'V.

F,=—kVT

(k is the thermal conductivity coefficient).

There are also diffusive heqt flux due to heat conduction:

Equation (2.1a) takes the form:

2 J[[ (o a0+ ff, pE7 -iids -

mg(q +of - V)dg+ﬁ&1§w.ﬁds 4 ﬁ&((_ p]:+z?).17).ﬁdg

or

%H_L (pE )dQ + ﬁ& PHV -iidS =
11, g+ af -V i+ Grvr-iias+ff (F-7) ids
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Equation (2.1a) takes the form:

2 []( (pE N2+ ff, pE7 -iids -

HL (q + of - V)dQ + ﬁ&l)cVT idS + ﬁ& ((— ol + ?). 17). 7S

[[[ (oE a2+, pt7-iids -

mg(q +pf-§)dQ+ﬁé§VT-ﬁdS +f (7-9)-ads ,,,

and equation (2.1.b):

a(gtE)+v (PEV)=q+pf -V +V-(,WT)-V-(pV)+ V- -7)

a((,‘;tE)+v (pHV )= g+ pf -V +V-(kvT)+V (7 -7)
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To close above equations we must add extra relations, expressing internal energy, density, viscosity and thermal conductivity:

e=e(T,p)
p=p(T,p)
w=(T,p)
k=k(T,p)

and eventually mass force field fand heat sources q.
Internal energy for the perfect gas is equal to:

density:

P _kp

p=RT=a2

Dynamic viscosity coefficient is a fluid property and depend mainly on temperature. The thermal conductivity coefficient of a gas is closely
related to dynamic viscosity:

=t

Pr
Pr is Prandtl number.
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P . ()=
o +V-(pP)=0

V-Vp+pV-V

Z+V-Vp+pV-I7=0

dp | dt

dp/dt+ pV -V =0
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d_V:f_ivp+lv.?

dt p P
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_|_

j/H—p/p)
VLT 1 (o117 )= g+ pf 749 -(WT)+ 9 (7 )

aH+(I7-V)H) ap+q+pf-I7+V-(kVT)+V-(r-

" ot

ot
dH | dt
dH oOp
Pa o
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p(a—H+(\7-V)Hj=%+q+pﬁ\7+v-(kw)+v-(?-\7)

boundary conditions

second law of thermodynamics (? !)

SOLUTION
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turbulence:

- phenomena of chaotic fluid motion, variable in time and space (always three-
dimensional) with characteristic chaotic changes of all flow parameters, but it is
possible to specify some statistical mean values.
there occur relocation (mixing) of entire [small] fluid mass elements in a chaotic
manner, in contrast to relocation of single molecules in laminar flow
typical at high Reynolds numbers — characteristic for aeronautics

i Predkos¢ $rednia predkos¢ poboczna

() = )+ u'

P) = Pyt P

1 t+T
uy = el

Krzysztof Kubrynski AERODYNAMICS-1 (01) for internal use only 13



v
I:uRMS
u

Krzysztof Kubrynski AERODYNAMICS-1 (01) for internal use only



incompressible flow (p=const), averaged x-momentum equation:

o\p(u+u')), o(p(u+u')(u+u ))+,..:_0(p+p)+ﬂA(u+u.)
ot Ox Ox

) \ 1 t+T

(z+u")(v+v"))= = j(uv +uv'+vu'+u' v YT =

finally:
ou, ou, ou, ou_ 3p,
Poot " Pax oy ™o~ ox
o\u'u' o\u'v' o\u'w'
e 2) o) )
ox oy 0z

Reynolds Averaged Navier-Stokes Equations (RANS)
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ou; ou; | 2 Our

- v v ] ] ] ]
T, = MU + —— U i —puu'—pu'v'-pu'w
ox. OX, 3 ox, 8 - y
. J l ) turb
lt;fm
concept of turbulent viscosity
ou —
To=H, —pu'w
0z
ou
I Hr —
T oz
ou
sz = (lu + ILlT )az
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—~

Iy

‘T L
=1

s
mixing length

o u ou Oou
T.=m-An-_— =p- v, I-— =p-I". :
! on £l on P on, On
Au l.au ) v ’
an /’lT

MOMENTUM LOSS ~ K;Ve& + KoV ?

laminar flow turbulent flow (fully
developed)
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Aerodynamics consider usually steady flow equations, including turbulence via turbulent stresses.

oV . oH

o _y. W _,.
ot ’

ot

9

=0y
ot

H=pt =gt p,

=
.l
<

T
|

g+V-(kVT)+V-(7-7)
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in a case of barotropic fluid £ = P (p ) > p, u donotdepend (directly) on e (7)

<

v-(p7)=0

pl7 -V =—vp+v.7

pl p* = const ub

(isentropic)

Krzysztof Kubrynski

P = p, = const

(incompressible)

AERODYNAMICS-1 (01)

(instead of energy)
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Incompressible, viscous flow

Krzysztof Kubrynski AERODYNAMICS-1 (01)
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Navier-Stokes equations can be expressed in a nondimensional form:

dV+Vp: 1 AV
dt p Re 23)

which suggest, that at high Reynolds numbers viscous term is very small, and could be neglected. In reality viscous terms are very
important inside thin flow layer just near body surface: inside boundary layer. Outside this layer flow can be treated as inviscid.

II: ZEWNETRZNY
a PRZEPLYW
[NIELEFPKI)

I: WARSTWA PRZYSCIENNA
(LEPKA)

Rys.2.2 Characteristic flow regions around body (Prandtla concept)
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Concept of BOUNDARY LAYER (Prandtl)

Navier-Stokes Eq. For incompressible flow:

X y oy ox* oy
a_u+@:0
ox Oy

0 <x<c

0 <y<

u ~ O(UOO)
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continuity eq.
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U U
ox c oy 0

2 2
gu _ oY gu _ oY
Ox c oy O
U
y y
@ — _a_u ~ O(&j v:j%y:—j%y —_ O(Uwéj
oy ox c ) Oy ) OX c
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mass forces and friction forces MUST be of the same order:

mass forces

ou ou U:

X: u—,v— ~ O —= X
oX oy c
ov ov U: 8

y: u—,v— ~ O —=-— y:
0x oy c ¢

in effect (in a case of laminar boundary layer):

friction forces

. 5* C C //UOO'C/V /\/Re
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all terms in y —momentum eq.:

ov ov o’y U: s
Vi u—,v—, ——5~ —= . —
Ox oy pox c ¢

are smaller then in x —momentum eq., so:

2
P _ ﬁﬁj : small
oy cC ¢
Or: 8_:0 "
y
op . .
SO: 2 . constant in y-direction inside B.L.
be
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one-dimensional Euler eq.:

ou _8_p

u,—- =
pe@x Ox

so for y =0 u=uls=u,

finally two-dimensional, incompressible boundary layer eq. (Prandtl Eq.):

(9u 6” due azu
X-momentu eq.: pu——+pv—=p.U, TR
y-momentum €q.: @_p = , p( y) = const
oy
o ou Ov
continuity eq.: + =0
ox oy
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II: ZEWNETRZNY
T PRZEPLYW
(NIELEPKI)

I: WARSTWA PRZYSCIENNA
[LEPEA)

Removing less important terms in N-S eq. leads to the boundary layer eq. (Prandtl equations). In a case of two-dimensional flow
momentum eq. take the following form (along surface and in normal direction):

p(y) = const (2.6)

Outside boundary layer it is assumed that the flow is governed by inviscid equations: (Euler equations):

,0([7 . V)V = —Vp 2.7)

Both solutions must be joint together at a boundary layer edge.

Krzysztof Kubrynski AERODYNAMICS-1 (01) for internal use only 27



Incompressible, inviscid flow:

Krzysztof Kubrynski

AERODYNAMICS-1 (01)
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Circulation

Krzysztof Kubrynski

AERODYNAMICS-1 (01)
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Stokes theorem

Krzysztof Kubrynski

r,=|V-dr
)

= ([ (rotV)- 1 ds
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Kelvin’s theorem (rate of circulation change along a closed curve)

a djSVdr jgdr e
l

dt

W——Vp+’uAI7+1‘uV(V-I7), d(df)zd(ﬁj=dl7
dt L P 3p dt

zﬁ_vl””? +j§‘u{AI7+1ﬂV(V-V)]dif#j;V-dV:
, | P 3p

=j§-dp + f;’[AV+;V(V-V)} dr+§d£V22j
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a _ f—@’-FjV1AV+;v6%Vﬂwﬁ
| P

PN
=0 if p=p(p) =0 if u=0
(barotropic ﬂuid) (inviscid Sfluid )

I'=const ~in a case of no viscosity and shock waves (isentropic flow);
flow 1nitially irrotational — 1t will stay irrotational !!!
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() {scalar field function} —>

—>

1s 1t true 1n the inverse case ??7? V

oV,
oy

Krzysztof Kubrynski

0

oy

(

(D{vector field function, }

dependent on scalar field

—

—> O® so V=VO

yes, if:

) _ oo
ox ox\ Oy

AERODYNAMICS-1 (01)

J

v, |
ox

- rotV =V xV =0
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Bernoulli equation

Integrating Euler equation (momentum eq. for inviscid flow)

‘Z ] _T: along a stream-line ,[ 7 = _I Vp°d'73
B B 4y7 B B
dv 5> a1
J. -dri = J.th=J.VdV=(V;—Vj)=_J.VP
. dt y 2 4 P

1 1/k 1

isentropic flow : pk = const; — = P k&
P Ps P

i k-1 k-1 ]

k  p.. (mj"_[m]"
k-1 p, |{p. P
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A—>xo; B>.

k
1 2| k-1
1+k Ma’ l—V2 -1
Cp= PP : Ve
1, ko
—pY. —Ma

Relation between pressure and velocity, correct along stream-line in isentropic flow (~ no
viscosity, no shock waves)

For incompressible fluid:

_ V2
=P ..oV
lp V2 Voo

2 o0 o0

Krzysztof Kubrynski AERODYNAMICS-1 (01) for internal use only 35



SUMMARY:

In a case:
1. Flow 1nitially irrotational (uniform velocity field)
2. No viscosity, no shock waves (isentropic flow)

then:
1. Flow remains irrotational
2. There exist such a scalar field function @ (velocity potential), that velocity field can be
expressed as:: V=V@
3. Momentum equations (Euler) can be a’priori integrated, result in relation between
velocity and pressure
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SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL FLOW AROUND A
BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD, FORCES AND MOMENTS
ON A BODY)

Solve continuity equation:
V-V=0

and momentum equations (Euler):

Jo in a flow field ,,R”

V n = Vn =0 on the body surface,,Sp”
and condition, P ™ Po in infinity

(r—>o)
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EQUIVALENT SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL
FLOW AROUND A BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD,

Krzysztof Kubrynski

FORCES AND MOMENTS ON A BODY)

1. solve continuity equation
(Laplace eq. For velocity potential):

& (VCD) =V'®=0 in a flow field ,,R”

fulfill boundary conditions (Neumann):

VO - n—aaq)—V

n on the body surface ,,S3”

and conditions: - (I)oo in infinity (r—c0)

2. determine velocity field: V=Vob

3. determine pressure field using Bernouli eq.: P = p(V)
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Flow field superposition, perturbation velocity, perturbation potential:

total velocity V=V, +Ve .
perturbation potential

continuity equation V- (VOo + V§0) = VZ(D =0

boundary condition on a body surface:

(1700+V(p)-ﬁ=17 -ﬁ+Z¢=V=O = agp:—Vw-ﬁ

far field condition

Vo —>0 or(equivalent) ¢ —0
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stream-line equation (2D):

dx=U-dt} dx _dy _

dy=V-dt| U V
dx_dy:0
Uu v

—V.dx+U-dy=90

(—V)-de+(U)-dy = N e+ Yy aw
ox oy

9 (—y) = a(a\Pj - a[aqj] o U) = din(P)=0

oy Gyéx_fix@y:('ix
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if div(V)=0 there exist such a function ¥(stream function), that

oY oY
U=—3v=——

oy ox

function ¥ has constant value along a stream line

S = (dx/ds, dy/ds)

(=
b
™
Il
N C— &
AN
&.
||
L\'—oba
'—.w
§
O
(=]
m
§
Q
><
_|_
C
(3
(=]
7]
—~
3
3
N
&.

B B
J‘[a‘I’ dy oY (_deJdS:Id\P:\PB_IPA
7 ds 0Ox
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additionally, 1f rot(V)=0 thus:

ou v a[a\{f] a( a\Pj _ o oY _

— — +
oy Ox oy\ dy | ox\ Ox ox> oy’
harmonic function

on a body surface WY=const
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2. EQUIVALENT SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL FLOW
AROUND A BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD, FORCES AND MOMENTS

ON A BODY) - only 2D

1. solve equation: rot(V)=0 -> potential flow
(Laplace equation for stream function):

2
VW =0  inaflow field ,R”

condition (Dirichlet):

Y = const on a body contour ,,Sp”

condition: V — Voo in infinity (r—>o0)

¢

p_(ov o
2. determine velocity field: N ay > ox

3. determine pressure field using Bernouli eq.: P = p(V)
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