SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL FLOW AROUND A
BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD, FORCES AND MOMENTS
ON A BODY)

Solve continuity equation:

OV =0
and momentum equations (Euler):
Lp
Vmpy =-

poo inaflow fidd ,R”

fulfill boundary conditions:

V=V =0

on the body surface ,, Sg”

and conditions, V \700, P - P in infinity
(r - o)
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1.EQUIVALENT SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL
FLOW AROUND A BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD,
FORCES AND MOMENTS ON A BODY)

Krzysztof Kubrynski

1. solve continuity equation
(Laplace eq. For velocity potential):

000®)=02® =0 inafiowfiad, R

fulfill boundary conditions (Neumann):

on n 0 on the body surface , Sg”

and conditions: e P, ininfinity (r - o)

2. determine velocity field: V =00

3. determine pressure field using Bernouli eq.: P = P(V)
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2. EQUIVALENT SOLUTION PROCEDURE FOR AN INCOMPRESSIBLE, IRROTATIONAL FLOW
AROUND A BODY (DETERMINATION OF A FLOW FIELD, PRESSURE FIELD, FORCES AND

MOMENTS ON A BODY) —only 2D

1. solve equation: rot(V)=0 - potential flow
(Laplace equation for stream function):

0% = 0 inaflowfied, R’

condition (Dirichlet):

Y =const on a body contour ,, Sg”

condition: V - Voo ininfinity (r - o)

\8‘<$

V = oy oV
2. determine velocity field: = ay’ oXx

3. determine pressure field using Bernouli eq: P = p(V)
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o= (5 (5] ot v o

W= 0- d&= const¥(= const)

/ Y = const
ktb = const
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complex variable: Z=X+ iy[ =re"” =r(cosd +i sin:?)]

complex function: W(Z) = CD(X, Y) + i"’(X, Y)

derivative:
dw od i oWy

0P . WY W D .
—+ | — = = =u -V
a(ly) o(iy) oy oy

(complex velocity -
conjugate do velocity)
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Y. S (A (TR, v
W' (z)=—+i— = —-i
0X 0X ady oy

o _ ¥
x oy LV
ow 0P
004 :_ay [:_V]

Cauchy-Riemann conditions
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z=x+iy=r[@"
w'(z)=+u®+v’ @7 = V (complex velocity —conjugateto V)

V=u+iv=-/u*+v:e'?
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Uniform flow field

w,(z)=(U, -iVv,)

o]

Woo(z)=U -1V

0] [e0)

y Y —const ‘\

D —const

A\
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Point source

w(z) = an(z)= an(r &‘@)= ST(Inr +i©)

27T 21T
' . Q _ Q x-iy _ Q x-iy _ y
W Q (Z) - - 2 2 - P =copst e Y —const
27Tz  27TX°+Yy 2 T r (

=V L_I y
' r
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Potential vortex

w, (2) = r_In(z)= r_ln(r Eei@)= r(G)—i Inr)

27T 27T 27Ti
Wu (Z): B :_ri X_iy:_ [ y+iX _ y
] 27T Zi 27Tx%+y? 27 v

Y y+ix

r
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Potential vortex (-)

w; (2) :_—r_ n(z) :_—r_ln(r @‘@) :i(e—i Inr)

27TI 271 2 7

WIF(Z): —F.:+F| x2—|y2:+ [ y+1X
21T Z1 27TX°+y 2m r

:+Ve Eiy-l-%
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Doubl et

_M1_M 1 _M o
WD(Z)_ZITZ 2mrr €° 2 (cos®-isin©)
Wo()= ML M 1
0 21 7° 27y el@)z
= 2_m2 (cos(20) -isin(20))

Krzysztof Kubrynski

AERODYNAMICS-1 (02)

/ Y = const

D = const
L. V) /7
= | f:l ||
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SUPERPOSITION OF FLOWS

W =W, +W, +W, +---

Krzysztof Kubrynski

onU @’

/

M -

27TZ  27TI

AERODYNAMICS-1 (02)

2
U, [z+ +——Inz :Um(z+aj+r inz =
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Krzysztof Kubrynski

2
=U_ (r (cos@ +isin ) +aT(cosﬁ +isin 6)

2
:Umcosé’(r+a ]— i 6 +
r 21T

2
+1 {Umsine(r _a_] —Llnr}
r 27T

AERODYNAMICS-1 (02)

-

I
T

(6-ilnr) =
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forl = A

<

[

C
M

H
=,
~

Q

o

7))

©

P :Uwsine(r -
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r

g

-
——Inr

27T

AERODYNAMICS-1 (02)

-
——|na =const

27T
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FLOW FIELD
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M=0.254mau,)

FLOW FIELD PRESSURE DISTRIBUTION
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M=0.5004mau,

v
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M=0.75{4mau,,)

0 §. ;
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r=1.000{4rau,)

PRESSURE DISTRIBUTION
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DRAG FORCE

D=~} pldy=-¢(p-p,) Gy =-<j|5(p°°L2J°°2 _pm;2] d(asin © =

5 2
_PY. ng 1—[23in6)+ i ] AcosO@dO=-- =0
2 2rrau
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LIFT FORCE

chﬁ p [dix :c_[)(p—poo)mlx = (’Omumz —'0°°2Uzj d(acos©) =

2
_PYe CJS 1—£Zsin6+ ] j dsnoedo=- =0, U,
| 2y _

Joukowski formula for lift
(two-dimensional flow -> unit span vortex)

L=p, W, O D

(b — span [length])
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i
15 sty
i B
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AERODYNAMICS-1 (02)

ship: Flettner rotor

mortar (round shut ball)
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Stagnation points

V.=-2U_sn G)—L =0

27Ta

. B . B
- ©O=g=-arcdan © & =JT +arcsin

4rrau 48U

Y

e \ e
— X
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Stagnation points — circulation —lift force

M=4mau,_sin(-¢)

(-£): angle between undisturbed velocity direction and stagnation point
¥

direction
. V=0 V=0
N/

N T

= (p.)(U.) {47au, sin(~4)) (o) =

2
=477sin(-¢) EZabDQ,OU; =47sin(- ¢ [$ (4,
|\ ~ J S N y L ~ J
C. a; C.
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Krzysztof Kubrynski

Rotation of the undisturbed velocity (G)

Pz

V=0

L =4mrsin( a- )

J

Co

AERODYNAMICS-1 (02)

q,
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AIRFOIL (WING SECTION)

. ¢ (chord) _
chord
max. thickness t t
max. thickness location x; X
max. camber f f
max. camber location X Xy
|leading edge radius RiLe R:
trailing edge angle Ore
angle of attack a
Krzysztof Kubrynski AERODYNAMICS-1 (02)

for internal use only
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Conformal mapping

Z=X+iY =R€" Z=X+iy=re"

Z =g(z)
z=1(2) Z=9(2)
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dz ., g
d—z—f (z)=ale

dz=ae"“ [dZ

47 = aldz| = %||dz]
dz
arg(dz) =arg(dZ) +a

effect of the transformation of the very small line segment AB:
1.increase (decrease) length of the line segment by the factor
(independent on its direction)
2.rotation of the line segment through the angle arg(dz/dZ)

true, if transformation not singular (a=0 or a=w)
CONFORMAL MAPPING

Krzysztof Kubrynski AERODYNAMICS-1 (02) for internal use only
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W - UV

Krzysztof Kubrynski

)W
(U-iV)= -

. dwW dw dz
(u-iv)=—= =
dz dZ dz

..y adZ
(U IV)E

_oldz] R
V=NV s

AERODYNAMICS-1 (02) for internal use on
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V @R gﬁ’\/\mosemR_

dZ _
[¢osé [dir g‘i\v\ [Gos@dr =T
dz
additionally, if:
dz
—=f'(z)m -1
dZ
thus
V_=V_
in both planes (spaces) there will act the same for ces (D:O, L:poo U F)
and:
0°d  0°D _ °D 0D _ °W  °W _ oY Fv _
>t 2_O:> >t 2_0' >t 2_O:> > T 2_0
oX* aY 0X oy ’ oX* adY 0X oy
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z=1(2) =2 +% (JOUKOWSKY  function)
CZ
f'(z) =1-; z=4c = f'=0

~
N

NI

Voo/y
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/

z=1(2)

A

\

W\
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-15

30°

a=

0.5 15
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Pz

V=0

[=4mau, sin(a- ¢
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G EDGE SMOOTHLY
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STARTING VORTEX
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z=1(2)
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LIFT FORCE

CYLINDER:
L:(pm)[QUw)[@4ﬂrUmsin(a—g)) {b) =
2
:4ﬂsin(a—£)ﬂfbmu°° =4msin( a- ¢
\ \ ) = 2 \ \ )
CL N CL
0o
y
a
Ve
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LIFT FORCE

AIRFOIL:
LAIRFOIL = LCYLlNDER :(1000) I:CIUOO) [@4ﬂru°° Sln(a_g)) I:clb) =
_ 2r U’
_4nchordvsm(a 5? E\kho%d b Cp, >
c. q.

=4 Sin(a-¢) B,

chord

-~

CL
/} T os f /—1 O(XA,YA ]
\/ cl B av A . | cfB A
¢ I c N BV N c

a | ax
V»
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LIFT FORCE
(2r):(chord) 2

/TN
A

\i\v,g/

Krzysztof Kubrynski

above: 2r=1
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T3 S S— A— HR——. . AIRFOIL

CIRCLE ——
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FLAT PLATE (thickness t=0, camber f=0): & =0

2r

=12 = C, :ZHBin(a)

thickness t>0:

2r
chord

>1/2 = C, :2n(1+h(t_)) Sn(a) >2mEn(a)
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L/LO
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1.1

1.08

1.06

1.04

1.02

JOUKOWSKI AIRFOIL: LIFT SLOPE vs THICKNESS (f_max = 0) & CAMBER (t_max = 0.12)
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t_max
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