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X-force 

𝑿 = −∮𝒑 ⋅ 𝒅𝒚 =
𝒍

−∮(𝒑 − 𝒑∞) ⋅ 𝒅𝒚 =
𝒍

−∮(
𝝆∞𝑼∞

𝟐

𝟐
−
𝝆∞𝑼

𝟐

𝟐
) ⋅ 𝒅𝒚 =

𝝆∞

𝟐
∮𝑼𝟐 ⋅ 𝒅𝒚
𝒍𝒍

  

 

Y-force 

𝒀 = ∮𝒑 ⋅ 𝒅𝒙 =
𝒍

∮(𝒑 − 𝒑∞) ⋅ 𝒅𝒙 =
𝒍

∮(
𝝆∞𝑼∞

𝟐

𝟐
−
𝝆∞𝑼

𝟐

𝟐
) ⋅ 𝒅𝒙 = −

𝝆∞

𝟐𝒍

∮𝑼𝟐 ⋅ 𝒅𝒙
𝒍

 

 

 

𝑿 − 𝒊𝒀 = −∮𝒑 ⋅ 𝒅𝒚 + 𝒊𝒑𝒅𝒙 =
𝒍

⋯ = 𝒊
𝝆∞

𝟐
∮𝑼𝟐 ⋅
𝒍

𝒅𝒛̄ 

 

𝑴𝟎 = −∮𝒑 ⋅ (𝒚𝒅𝒚 + 𝒙𝒅𝒙) =
𝒍

−∮𝒑 ⋅ 𝑹𝒆(𝒛𝒅𝒛̄) =
𝒍

⋯ =
𝝆∞

𝟐
𝑹𝒆∮𝑼𝟐 ⋅ 𝒛

𝒍

𝒅𝒛̄ 
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𝒅𝒘

𝒅𝒛
= |𝑼|(𝒄𝒐𝒔𝜣 − 𝒊 𝒔𝒊𝒏𝜣) = |𝑼|

𝒅𝒛̄

𝒅𝒔
 

 

(
𝒅𝒘

𝒅𝒛
)
𝟐

= (|𝑼|
𝒅𝒛̄

𝒅𝒔
)
𝟐

= 𝑼𝟐
𝒅𝒛̄ ⋅ 𝒅𝒛̄

𝒅𝒔 ⋅ 𝒅𝒔
= 𝑼𝟐

𝒅𝒛̄ ⋅ 𝒅𝒛̄

𝒅𝒛 ⋅ 𝒅𝒛̄
= 𝑼𝟐

𝒅𝒛̄

𝒅𝒛
 

 

𝑼𝟐𝒅𝒛̄ = (
𝒅𝒘

𝒅𝒛
)
𝟐

𝒅𝒛 ;  𝑼𝟐𝒛𝒅𝒛̄ = (
𝒅𝒘

𝒅𝒛
)
𝟐

𝒛𝒅𝒛 

 

 

𝑿 − 𝒊𝒀 = 𝒊
𝝆∞

𝟐
∮𝑼𝟐 ⋅
𝒍

𝒅𝒛̄ = 𝒊
𝝆∞

𝟐
∮(

𝒅𝒘

𝒅𝒛
)
𝟐

𝒅𝒛
𝒍

; 𝑴𝟎 =
𝝆∞

𝟐
𝑹𝒆∮(

𝒅𝒘

𝒅𝒛
)
𝟐

𝒛𝒅𝒛
𝒍
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      C    B   Y             A       C  B          A  

      -c       c      -2c          2c  

            X 

 

 

 

 

 

 

      D=2r             chord  

 

 

 

 

 

 

 
 

                   (x A , y A )   

 

 

 
 

 

 
     = 2 a   

𝑿 − 𝒊𝒀 = 𝒊
𝝆∞

𝟐
∮ (

𝒅𝒘

𝒅𝒛
)
𝟐
𝒅𝒛

𝒍
= 𝒊

𝝆∞

𝟐
∮ (

𝒅𝒘

𝒅𝒁
)
𝟐 𝒅𝒁

𝒅𝒛

𝒅𝒁

𝒅𝒛
𝒅𝒛 = 

𝒍
𝒊
𝝆∞

𝟐
∮ (

𝒅𝒘

𝒅𝒁
)
𝟐 𝒅𝒁

𝒅𝒛
𝒅𝒁

𝒍
 

 

𝑴𝟎 =
𝝆∞

𝟐
𝑹𝒆∮(

𝒅𝒘

𝒅𝒛
)
𝟐

𝒛𝒅𝒛
𝒍

=
𝝆∞

𝟐
𝑹𝒆∮(

𝒅𝒘

𝒅𝒁
)
𝟐 𝒅𝒁

𝒅𝒛

𝒅𝒁

𝒅𝒛
𝒛𝒅𝒛

𝒍

=
𝝆∞

𝟐
𝑹𝒆∮(

𝒅𝒘

𝒅𝒁
)
𝟐 𝒅𝒁

𝒅𝒛
𝒛𝒅𝒁

𝒍

 

 

 

 

𝑴𝑨 = 𝑴𝟎 + 𝒀𝒙𝑨 − 𝑿𝒚𝑨 = 𝑴𝒐 + 𝑹𝒆[𝒊(𝑿 − 𝒊𝒀)(𝒙𝑨 + 𝒊𝒚𝑨)] 

 

 

 
 

 

         z=f(Z) 

     Y        y 

      

 

 

 

  V        X    V    

    x  
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      C    B   Y             A       C  B          A  

      -c       c      -2c          2c  

            X 

 

 

 

 

 

 

      D=2r             chord  

 

 

 

 

 

 

 
 

                   (x A , y A )   

 

     

   V  
 

 

 
     = 2 a   

𝒛 = 𝒇(𝒁)  = 𝒁 + 𝒄𝒐 + 𝒄𝟏𝒁
−𝟏 + 𝒄𝟐𝒁

−𝟐 + 𝒄𝟑𝒁
−𝟑 +⋯ 

 

 

𝒅𝒁

𝒅𝒛
= 𝟏 + 𝒄𝟏𝒁

−𝟐 +⋯  ;   
𝒅𝒁

𝒅𝒛
𝒛 = 𝒁 + 𝒄𝟎 + 𝟐𝒄𝟏𝒁

−𝟏 +⋯ 

 

 

𝑾(𝒁) = 𝑼∞ (𝒆
−𝒊𝜶𝒁 +

𝒆𝒊𝜶

𝒁
) + 𝒊

𝜞

𝟐𝝅
𝒍𝒏(𝒁)  

 

 

𝜞 = 𝟒𝝅𝒂𝑼∞ ⋅ 𝒔𝒊𝒏(𝜶 − 𝜺) 
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      C    B   Y             A       C  B          A  

      -c       c      -2c          2c  

            X 

 

 

 

 

 

 

      D=2r             chord  

 

 

 

 

 

 

 
 

                   (x A , y A )   

 

     

   V  
 

 

 
     = 2 a   

𝑴𝑨 =
𝝆∞

𝟐
𝑹𝒆∮(

𝒅𝒘

𝒅𝒁
)
𝟐 𝒅𝒁

𝒅𝒛
(𝒛 − 𝒛𝑨)𝒅𝒁

𝒍

= ⋯ 

 

= 𝟐𝝅 𝝆∞𝑼∞
𝟐  𝑹𝒆{𝒊𝒆−𝟐𝒊𝜶[𝒄𝟏 + 𝒂(𝒛𝑨 + 𝒄𝟎)𝒆

−𝒊𝜺] − 𝒊𝒂(𝒛𝑨 + 𝒄𝟎)𝒆
𝒊𝜺} 

 

𝒛𝑨 = 𝒄𝟎 −
𝒄𝟏
𝒂
𝒆𝒊𝜺  ⇒  𝑴𝑨 = 𝒄𝒐𝒏𝒔𝒕 
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AERODYNAMIC CENTER 

 

 

…  𝑀𝐴 = 𝑐𝑜𝑛𝑠𝑡 

 

thin, symmetrical airfoil  xac/c = 0.25 

         yac/c = 0.00 

 

 

  thick, symmetrical/ 

nonsymmetrical airfoil xac/c  0.25 

         yac/c  0.00 
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      airfoil:  NACA 4412           potential flow 

𝑳 = 𝑪𝑳 ⋅ 𝑺 ⋅ 𝝆∞

𝑽∞
𝟐

𝟐
   𝑪𝑳 = 𝒇𝒖𝒏(𝜶,  𝒈𝒆𝒐𝒎, 𝑹𝒆,  … ) 

𝑫 = 𝑪𝑫 ⋅ 𝑺 ⋅ 𝝆∞

𝑽∞
𝟐

𝟐
𝑪𝑫 = 𝒇𝒖𝒏(𝜶,  𝒈𝒆𝒐𝒎, 𝑹𝒆,   … )[𝑭𝑹𝑰𝑪𝑻𝑰𝑶𝑵] 

𝑴𝒚 = 𝑪𝒎 ⋅ 𝒄 ⋅ 𝑺 ⋅ 𝝆∞

𝑽∞
𝟐

𝟐
𝑪𝒎 = 𝒇𝒖𝒏(𝜶,𝒈𝒆𝒐𝒎, 𝑹𝒆,( 𝒙𝒓, 𝒚𝒓) … ) 

 

 

 

 

 

 

 

 

𝐶𝐿 ,  𝐶𝐷,  𝐶𝑚 ⋯ 
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low angles of attack 

 

 

( )

( )  

0 0

1 1
deg, , Re, 0.1 ; 2

L L
L L

L
rad

dC dC
C C

d d

dC
fun t f

d

  
 




 − =  +

=   

;

K :
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lift force slope, Joukowski airfoil, inviscid flow 

 

 

(
𝒅𝑪𝑳
𝒅𝜶

)
𝒕̄

(
𝒅𝑪𝑳
𝒅𝜶

)
𝒕̄=𝟎

= 𝒇𝒖𝒏𝟏(𝒕̄) (
𝒅𝑪𝑳
𝒅𝜶

)
𝒇̄

(
𝒅𝑪𝑳
𝒅𝜶

)
𝒇̄=𝟎

= 𝒇𝒖𝒏𝟐(𝒇̄) 
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low angles of attack 

 

 

 

 

𝑪𝒎 ≃ 𝑪𝒎𝟎 +
𝒅𝑪𝒎

𝒅𝑪𝑳
⋅ 𝑪𝑳 

𝑪𝒎(𝒙𝒓,𝒚𝒓) = 𝑪𝒎(𝒙𝟎,𝒚𝟎) + 𝑪𝒀 ⋅ (𝒙𝒓 − 𝒙𝟎)/𝒄 − 𝑪𝑿 ⋅ (𝒚𝒓 − 𝒚𝟎)/𝒄 ≃ 

≃ 𝑪𝒎(𝒙𝟎,𝒚𝟎) + 𝑪𝑳 ⋅ (𝒙𝒓 − 𝒙𝟎)/𝒄 

 

(
𝒅𝑪𝒎

𝒅𝑪𝑳
)
(𝒙𝒓,𝒚𝒓)

≃ (
𝒅𝑪𝒎

𝒅𝑪𝑳
)
(𝒙𝟎,𝒚𝟎)

+ (𝒙𝒓 − 𝒙𝟎)/𝒄 

(
𝒅𝑪𝒎

𝒅𝑪𝑳
)
(𝒙𝒔𝒂,𝒚𝒔𝒂)

= 𝟎 ⇒  (𝒙𝒂𝒄/𝒄) = (𝒙𝟎/𝒄) − (
𝒅𝑪𝒎

𝒅𝑪𝑳
)
(𝒙𝟎,𝒚𝟎)
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𝑪𝒎(𝒙𝒓,𝒚𝒓) = 𝑪𝒎(𝒙𝟎,𝒚𝟎) + 𝑪𝒀 ⋅ (𝒙𝒓 − 𝒙𝟎)/𝒄 − 𝑪𝑿 ⋅ (𝒚𝒓 − 𝒚𝟎)/𝒄 ≈ 

≈ 𝑪𝒎(𝒙𝟎,𝒚𝟎) + 𝑪𝑳 ⋅ (𝒙𝒓 − 𝒙𝟎)/𝒄 

 

𝑪𝒎(𝒙𝒓,𝒚𝒓) = 𝟎 ⇒  (𝒙𝒓, 𝒚𝒓) = (𝒙𝒄𝒑, 𝒚𝒄𝒑) 

 

(𝒙𝒄𝒑/𝒄) = (𝒙𝟎/𝒄) −
𝑪𝒎(𝒙𝟎,𝒚𝟎)

𝑪𝑳
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BOUNDARY LAYER: 

 

 

 

 x-momentum eq.:   𝒖
𝝏𝒖

𝝏𝒙
+ 𝒗

𝝏𝒖

𝝏𝒚
= 𝒖𝒆

𝒅𝒖𝒆

𝒅𝒙
+

𝝏

𝝏𝒚
(𝝂

𝝏𝒖

𝝏𝒚
) −

𝝏(𝒖′𝒗′)

𝝏𝒚
 

  

 y-momentum eq.:     
𝝏𝒑

𝝏𝒚
= 𝟎 ,  𝒑(𝒚) = 𝒄𝒐𝒏𝒔𝒕 

  

 continuity eq.:      
𝝏𝒖

𝝏𝒙
+

𝝏𝒗

𝝏𝒚
= 𝟎 
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Near the surface:  u,v << U  (~0), so: 

 

 

Turbulent boundary layer, no pressure gradient: 

 

 
𝝏

𝝏𝒚
(𝝂

𝝏𝒖

𝝏𝒚
− 𝒖′𝒗′) = 𝟎 𝒍𝒖𝒃: 𝝂

𝝏𝒖

𝝏𝒚
− 𝒖′𝒗′ = 𝒄𝒐𝒏𝒔𝒕 =

𝝉𝒘

𝝆
 

 

def: 

𝝉𝒘
𝝆
= (𝑽∗)𝟐,

𝒖

𝑽∗
= 𝒖+,

𝒚

ν/𝑽∗
= 𝒚+ 
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near the surface:    

  𝒖′𝒗′  ≪  𝝂
𝝏𝒖

𝝏𝒚
 

 

 

 

so: 

    𝝂
𝝏𝒖

𝝏𝒚
=

𝝉𝒘

𝝆
= (𝑽∗)𝟐 

 

𝒖 =
(𝑽∗)𝟐

𝝂
⋅ 𝒚 →  𝒖+ = 𝒚+ 

 

 

 

LAMINAR (VISCOUS) SUBLAYER 



Krzysztof Kubrynski  AERODYNAMICS-1  (03)  for internal use only 22 

above laminar sublayer: 

𝒖′𝒗′  ≫  𝝂
𝝏𝒖

𝝏𝒚
 

so: 

𝒖′𝒗′  =  (𝑽∗)𝟐 

turbulence model (mixing length): 

𝝂𝑻 = 𝒍𝒎
𝟐 |

𝝏𝒖

𝝏𝒚
| ,   𝒍𝒎 = 𝜿 ⋅ 𝒚 

𝒍𝒎
𝟐 (

𝝏𝒖

𝝏𝒚
)
𝟐

=
𝝉𝒘
𝝆
= (𝑽∗)𝟐,   𝒍𝒎 (

𝝏𝒖

𝝏𝒚
) = 𝑽∗,   

𝝏𝒖

𝝏𝒚
=

𝑽∗

𝜿 ⋅ 𝒚
 →  𝒖 =

𝑽∗

𝜿
𝒍𝒏𝒚 + 𝑪𝟏 

 

𝒖+ =
𝒍𝒏𝒚+

𝜿
+ 𝑪  𝜿 = 𝟎. 𝟒𝟏,  𝑪 = 𝟔. 𝟏 

 

J.J.Bertin, M.L.Smith – Aerodynamics for Engineers, Printice-Hall International, Inc., 

1998 
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INTEGRAL RELATIONS FOR BOUNDARY LAYER (ORD. DIFF. EQ.) 
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𝝏(𝒖𝒖)

𝝏𝒙
+
𝝏(𝒖𝒗)

𝝏𝒚
= 𝒖𝒆

𝒅𝒖𝒆
𝒅𝒙

+ 𝝂
𝝏𝟐𝒖

𝝏𝒚𝟐
   (𝟏) 

 

𝝏(𝒖𝒆𝒖)

𝝏𝒙
+
𝝏(𝒖𝒆𝒗)

𝝏𝒚
= 𝒖

𝒅𝒖𝒆
𝒅𝒙

      (𝟐) 

 

 

(2)-(1) 

 

 

𝝏((𝒖𝒆−𝒖)𝒖)

𝝏𝒙
+

𝝏((𝒖𝒆−𝒖)𝒗)

𝝏𝒚
= (𝒖𝒆 − 𝒖)

𝒅𝒖𝒆

𝒅𝒙
− 𝝂

𝝏𝟐𝒖

𝝏𝒚𝟐
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𝒅

𝒅𝒙
∫ (𝒖𝒆 − 𝒖)𝒖𝒅𝒚
𝜹

𝟎

− [(𝒖𝒆 − 𝒖)𝒖]𝒚=𝜹
𝒅𝜹

𝒅𝒙
+ 

((𝒖𝒆 − 𝒖)𝒗)|
𝟎

𝜹
+
𝒅𝒖𝒆
𝒅𝒙

∫ (𝒖𝒆 − 𝒖)𝒅𝒚
𝜹

𝟎

= −𝝂
𝝏𝒖

𝝏𝒚
|
𝟎

𝜹

 

 

 

𝒅

𝒅𝒙
𝒖𝒆
𝟐∫

𝒖

𝒖𝒆
(𝟏 −

𝒖

𝒖𝒆
)𝒅𝒚

𝜹

𝟎

+
𝒅𝒖𝒆
𝒅𝒙

𝒖𝒆∫ (𝟏 −
𝒖

𝒖𝒆
)𝒅𝒚

𝜹

𝟎

−
𝝉𝒘
𝝆
= 𝟎 

  

( )( ) ( )( )
( )

δ δ δ δ

ν
2

2

0 0 0 0

e e e

e

u u u u u v du u
dy dy u u dy dy

x y dx y

 −  − 
+ + − =−

     
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𝜹∗ = ∫ (𝟏 −
𝒖

𝒖𝒆
)𝒅𝒚

𝜹

𝟎

 

 

θ=∫
𝒖

𝒖𝒆
(𝟏 −

𝒖

𝒖𝒆
)𝒅𝒚

𝜹

𝟎

 

 

𝑪𝒇 =
𝝉𝒘

𝝆𝒆𝒖𝒆
𝟐/𝟐

 

 

𝑯 =
𝜹∗

𝜽
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𝒅

𝒅𝒙
(𝒖𝒆

𝟐𝜽) +
𝒅𝒖𝒆
𝒅𝒙

𝒖𝒆𝜹
∗ −

𝝉𝒘
𝝆
= 𝟎 

 

 

𝒖𝒆
𝟐
𝒅𝜽

𝒅𝒙
+ 𝟐𝒖𝒆

𝒅𝒖𝒆
𝒅𝒙

𝜽 + 𝒖𝒆
𝒅𝒖𝒆
𝒅𝒙

𝜹∗ − 𝒖𝒆
𝟐

𝝉𝒘
𝝆𝒆𝒖𝒆

𝟐
= 𝟎 

 

 

𝒅𝜽

𝒅𝒙
+

𝜽

𝒖𝒆

𝒅𝒖𝒆
𝒅𝒙

(𝟐 +
𝜹∗

𝜽
) −

𝟏

𝟐
𝑪𝒇 = 𝟎 

 

 

𝒅𝜽

𝒅𝒙
+

𝜽

𝒖𝒆

𝒅𝒖𝒆
𝒅𝒙

(𝟐 + 𝑯) −
𝟏

𝟐
𝑪𝒇 = 𝟎 
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Aerodynamic Design of Aircraft – Pergamon 

Press, 1978 

I.H.Abbott, A.E.von Doenhoff,  Theory of Wing Sections, Dover Publications Inc., 1958 (presentation pp. 37-53) 
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R.J.McGhee, W.D.Beasley,- Low Speed Aerodynamic Characteristics of a 17-Percent-Thick Section 

Designed for General Aviation Application (NASA TN D-7428, 1973)  [from J.J.Bertin, M.L.Smith 

– Aerodynamics for Engineers, Printice-Hall International, Inc., 1998]  

 

 

 

 


