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BEAMS
RITZ-RAYLAYGH METHOD and FINITE ELEMENT METHOD

Principle of minimum potential energy.
Thepotential enerqy of an elastic body is defined as

Total potential energy (V)Strain energy (U)— potential energy of load (wWz)

In theory of elasticity the potential energy is than of the elastic energy and the work potential:

V=U-W, :ljcfijqjdg—jxiuidcz—j pudr
29 Q r

Q _ domain of the elastic bodf, — boundary, T;; — stress state tensofc:‘ij — strain state tensor ,

U, — displacement vector]d, — boundary load (traction), Xbody loads

The potential energy is a functional of the disphaent field. The body force is prescribed overubkime of the body, and the traction is
prescribed on the surfade. The first two integral extends over the voluméhe body. The third integral extends over tharimary.

The principle of minimum potential energtates that,
the displacement field that represents the solution of the problem fullfills the displacement boundary conditions and
inimizes the total potential energy.

V =U-W, =min!
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Total potential energy of the beam loaded by tiseibiuted Ioadp[%}:

1 I I
V = —j El (vx/')zdx—j pwolx
2 0 0 ,
where the function w(x) describes deflection of bleam

Ritz method

1.The problem must be stated in a variational form,
as a minimization problem, that is:
find w(x) minimizing the functional V(w)

2. The solution is approximated by a finite lineambination of the
form:

)= ad,(9

where adenote the undetermined parameters terRied
coefficients,
and g¢i are the assumexpproximation functions (i=1,2...n).
The approximate functiongi must be linearly independent
and

3. Finally functional V is approximated by the ftioa of n variables
a
V=V(a, &,&, ....&)

3. The parameters are determined by requirement that the
functional is minimized with respect &
ov _

0_81_

[Al{a}={b}

4. The solution provides, and the approximate solutior

, i=1,..n.

W)= ad (9

Hence the approximate internal forces in the beam
M, (x) = EIV/(X),
T(X) = —EIW"(X).

I
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EXAMPLE

Find the deflection of the cantilever beam underldad p, [E} using the analytical solution of the differen&guation and compare it to the
m

approximate solution using Ritz method with functionW(x) = a, + a,x + a,x*> + a,x°.
w(x)

tr bbb b AfEd bp

Exact analytical solution

M
W(x) = —|gz|(X)

M, (X) =%<I - %)%,

w(x) =0, dM:
dx

Solution

- b 2 2,2
wW(X) =—=2(61“ — 4 x+ x°)x-,
() 24EI( )

Max. deflection w(l)= pI*/8 EI

The approximate solutiof(x) = a +a,x+a,x* +a,x° has to satisfy the displacement boundary condition
W(x=0)=0, W(x=0)=0.

Thus
W(X) = a,x° +a,x>.

3 4
V :% (4all +12a,a,1” +12a1°%) - p(aelg ta, lz) :
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ov _ El N X
e = (81, +12%,) - p°3 = 0, il 108 125
V _El |4
ga (122a3 + 243a4)— p04 -0 .
W(x) s
/ W(x)
5 p0I2 _ pol / 125
“2a | T Yy e
1318/ 4167
Finally the approximate solution is |1'172 | i -
4 2 4
5 pyl?
~( )_ po - po X3
24 El 1261
I
X = Pol° - IO—Ox
M, (X) >
~ _ —pOI —
T(X) =———. X
(X) >

Graphs presenting exact (bold line) and approximate (dashed line) solutions

of the cantilever beam:
displacement, bending moment, shear force

T |
T(x)

| ~pl

al—

N|—




Finite element method | - lecture notes. BEAMS

Page 5 of 15

Finite Element Method approach

Approximation : local, with nodal displacements; , w. , g, and 8, as unknown parameters

‘leq 1

W,=(;

w(¢)

g —
@

le

—

Simple beam finite element

Lets assume first the polynomial approximatiothwmi the element
w(é) =a, +a’25+0’3c,(2 +OI4<(3

with four unknown parameters, .

e

2

0,=0a,

Positive directions:
upward for translation
counter clockwise for rotation

The required new parameters : nodal displacenvantes, , 8, and 8, (degrees of freedom — DOF of the element)

N

o W
(al =%} =1
Nodal displacement vector Qse = =
q3 W2
AW, L&

W= N,
w(&) =| N(&) [},
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Relation betweemr,,a,,a,,a,_andq,,q,,0;,4,

¢, =w(0)=a,,
dw
0% :d_f(o):az’
G =w()=a,+a).+all+a)l,

dw
q4 =d_f(|) =0’2+20’3]e+30’4|92.

In the matrix form

@) [1|0] 0| 0]fa,
| (0|1 0| Of|a,
ol [ 2|1 [12]12]a,
q) | 0| 1|2,]3||a,

The approximate deflection may be presented iridire

a; O,
WO =[16.88 1 7 = MONONONE 7

3
a, 4,

displacement and node 1
slope at node 1
displacement at node 2

slope at node 2

1 0 0 0
% lol1|0]o0
a, _
o[ | 3|2 3|-1
a,] [le | V1]
2|1]-2 1
I I O e
2 3
Nl(f) =1- 3|—2+ 2|—3 ,
2 53
Nz(f):f_zl—"‘l—z,
_E& &
N3(£)_3|_2_2|_31
2 3
N4(<():|i+f_2-

The functionsN, () are calledshape functions of the beam element.
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N; () describes deflection of the beam element , wiggrel, and for j#i qg; =0 (see graphs).

N N(¢)
1 1

|

N_(¢)

2

tga=1

Shape functions of a beam element

w($) =| N(&) [{q}..
w(&)=[ N'(©) {d},.
w'(&) =[ N"(§) [{d}, -

Total potential energy of the beam element of¢hgth |,

V, U, W, == [W()*dé - [ W)
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_Ele " J :EIE " " =
Uo =5 [w@ew@de == [lal{NYN" o, d¢

lNl N1N2 N1N3 N1N4

| n n n n n n n n
e

al f| 2t NeNe Mol NaNa e

ol NN NJN, NJN, NN,

El
2

moon " " " " " "
4 1 N4 N2 N4N3 N4N4

R l le l ]
[NSN/dE [N/N,dE [NINJdE NN Zdé
0 0 0 0
le le le le

1 N, N, dé [N, N,dé [N.N.d& [N.N.d&
oMol e T i
[NSNJdE [NSN,dE [NJNJDE [NINGdE
0 0 0 0

lo lo lo le
j N,'N,'d¢& j N,'N,dé j N,'N,'dé j N,'N,d¢
Lo 0 0 0 i

Matrix [k] o Isnamed stiffness matrix of beam element. Aftexgration

6 3, -6 3,
g, = 2 3, 22 -3, 12
" 3|6 -3, 6 -3,
3. o -3 27
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The external work done by thetraction p:

W2 = [ pEOWEAE = [ p(&)| N J{ b, A€ = [ N, (&) pE)AE, N,(E) pE)IE, N, () pENIE, N, (E)p@)dE J{ c}, dé,

G | |
e e e e q —_ — (
WP =| B8 Fe RS Fe | q2 = F | {q}. Fe —INi (&) p(&)dé
3 ’ 0
kq4/
F° - equivalent nodal forces
Fl=3p0|e/ 20 Fy= 7p0|e/ 20
p | Fo= poleZ/ 30 F= 'polezl 20
Fe=Fg="Poe
o pi. 2 T RN ~
2 2 2 2 e _ pole2
Pole Pole F, === O
Plz 1zq 12 1 2
e _ _p0|:
Vrrrmrrrrrr 1@ m=2e P,

Po

Equivalent nodal forces corresponding to the constant and linear distribution of P, load
(kinematically equivalent or work-equivalent !)
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Total potential energy of the beam element

v, W =Y o I Lald 7

x4 4x4 4x1 x4 4x1

The conditions for finding the minimum of.V

oV
aqie =0, i=1,2,3,..
6 36 _6 39 roﬂx rle
2Bl |3, | 27 [ -3, | I ||%| _|FR
3 > =X >
[k]e{q}e:{F}e- |83 _6 _38 6 _3e q3 F3
A [ 17 1-3, ] 27 [ A), (R,
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Set of linear equations for one element model efdtnsidered cantilever beam:

6[a[-6]3]0] |F
2 2

P|l-6[-3| 6 |-3]]|q, 2
3|17 |-3]2%]||q, —pl?
12
Constraints g=0 and g=0 may be taken into account by
I:l
F
the transformation of the set of equation to thhenfpA]: * - ={b} or by reductionof the problem to
3
a,
2EI I
@ -30)=2
2El ok
-3iq, + 2%q, ) = —2—,
|3 ( q3 q4) 12
q = 1pl*
i EI
Solutioniis: 1 p
q O
“" 6 El

pol 53

. . . . 3_1 2 4 2 1\ p ;s 5pd° 5o
Finally the deflection function from the one elerhemodel is w($) = (8 6) ¢ ( 3 6) ¢ = 24 = 'S

The same result as obtained in the case of Rithadet why?

1E|
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Dividing the beam into LE elements

G
O
O
a,
Os
Os
O

global nodal displacements vec{aj} =

G

N=8 nodal diplacements (degrees of freedom of thenedel)

Strain energ§erf each of the elements

U,=2la] [Kl.{dh,

Ix4 4x4 4x1

element 1 with the global DOF :
01, 92, O3, Ga

AE D wé D NE D HE

6,

=~ qlx1{qt

element 2 with the global DOF :
O3, 0a,0s Js

IXN NxN e Nx1

a, q, a,
W e Yawe! Y ea
L I O 7, I L I
_ 1
=3 M

element 3 with the global DOF :

05 s, 07, O
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U :zu :%Lq J@[kﬂ]ej{q} =§LqJ[K]{q} |
V=U-W, :%LQJ[K]{Q} ~Laf{F},
g_;’i:o, i=1,2,3,.. n

[ K ]{ q} :{ F} . + displacement boundary conditions (constraints
For each element the internal forces M, T are ¢aled separately:
g
M(O) = EW(@) = BN NN, NS N | ‘;z |
12 | 6
(e M (&)= I—g(f-E‘*)GNI—Z(f—
(ql L € e

T(E) — _EIV\/"(Q() - El \‘Nlm’ NZIH,N;,,N:’J 32
3

TR

4

12 . 1 6, I,
3e)q2-|—:(5——2)q3+|—ez(f 3)q4}zl,

T(¢)=- ::-_32(0&_%) +|_?(q2+q4)} El.
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For the case of 3-element model shown in the figinesfinal set of linear equations is

ki, | ki ki 4 .
1
ky | Ko | Ko 4 F,
ke | ke | Kas ki 0, F,
K | Kip | Kas+ K2, % _JF
0 0 k321 05 Fs
o] 0 K2, e Fe
0ol o 0 % E?
0] O 0 % 8
A, | -6 F,
3, | 22 | -3, 0 F,
0
% | -3,] 12 . pg'e
3
21 | |12 ]oO al_| pl
Ie3 0 0 -6 Os M
7
0| o] o 05 —py?
o] 0| O 12
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FEM calculations:

1. Generation of stiffness matricegk]p for all elements

4x4 |' K'l

2. Assembling the element matrices to obtain the glsti@ness matrix
NxN

3. Finding the equivalent nodal force vecé)lF}

Nx1
4. Imposing the boundary conditions and the solutibthe final set of linear equations — finding adidal displacement{ q}
5. Calculation of the internal forces (bending momshgar force) and the stresses within the elements Nx1

The example

Final set of equations (3 active DOF)

oE| 12| 0| 3 |[q; -P
M:L MZ
I30412 12 [{g,b=4M, ¢+
A 12 |22 |g| M, P
@ 3

QW [we] 7213 [-12|(-P

={6,}=——| 3 | 15| -12|{M
q4 2 96E| 1
%) |6 -12 [ -12] 48 ||M,

(exact solution — why?)



