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BARS AND SPRINGS

Finite element of a bar under axial loads:

— U, 4
Assuming nodal displacemenisi u, we haveu($) as the linear function: u(é) =u, + ‘5

e

After some operationsu(é) may be presented in the standard form as dependdaht nodal displacements and shape functions:

o©=(1-£ Ju+ o, = v ] =N, "
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{Q}e - - is the vector of nodal displacements - —
O e U, e Nl(g)
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Tension bar element with 2 nodes and 2 degrees of freedom and its shape functions
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is the stiffness matrix of the rod element (symioggingular, positive semidefinite)

Strain energy of the element:

1 EA" ,
U.=> A{ o(é)e()dé == j (£(6))°dé

Taking into account that

g(f):g—;:LNl',Nz'Hs‘;}e.

we have

_EA’ N _
e 2 V([I_quZJe{NZIHLNl,NzJ{qz}edf_
_EA 5NN, NN, ;| _1

- 2 I_ql’qzje,([|:N oo ' r:|dg{q }e - ZLqJe[k]e{q}e’
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where
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Equivalent nodal forces

. - N
The forces equivalent to the distributed loR(¥) e}

W, = [ p@Ou@)dE = [| N@) p(@), Nz(ﬂp(m{s“} dé =

=| [N P& N, ) p©)de {3“} .
In result:
W, :LFf’erJe{sﬂ} , where R :_fNi(E)p(f)df,

F° - the nodal forces equivalent to the distribdtetl p (‘work-equivalent’ or ‘kinematically’ equivalent)

Next steps of FE modelling are similar as in theecaf the beam element. Finally we get the systeimear quations :
[KI{q} ={F}.
The right side vect0|{ F} contains the external forces acting on nodesehthdel (active nodes and reactions).

The system is solved after taking into accounballindary conditions;
When the vector of nodal displacements is deterthitiee stresses within each of elements are compute

0&} — E(qz _ql)
I

o=Ec= ELNl'(a, N, (E)H

2 e
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Example.
Solve the presented below rods using FE modeldstedsof 2 elements

a) b)
v P v
—— o
. 2 7. o a %
L L
p,(-a)
q1:0 d, q,=0 (:141:1) 4»2 1250
Stiffness matrices of the two finite elements
[k]l EA 1 —1 [k]z _ EA 1 _1
€ al-1 1 € | —al -1 1 B 1 1
= | -= 0
a
System of simultaneous linear equations 1 1 1
y q EA —= | T+ _
ala |—-a | —a
1 1
| —a | —a

After including the boundary conditiogs=q, =0 andF, =P (case ajve have
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_P(l-a)a
2 EAl '
Fl:—P(II—a)’
=2

where F, andF; are the nodal forces (reactions).
In the case Ibhe nodal force in the second node is:

ThusQ, =

F2 — pO(I _a)’
2

_ p(l-a)’a F:‘po(|—a)2’ |:3:_poa(|—a).

JAEA 2|

The reaction in the first nodR;=F;
And the reaction in the third node

R,=F,- po(l —a)l — _poa(l —a) _ po(I —a)l — _po(l —a)(l +a).

2| 2

R+Ry=-pyl -a).

FE solution in the case a is the exact one btitencase b the approximate (why?)
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Spring e ement

0y =U, K 0=\ F=k«Au=k(u,-u,)

AAANA—
D 2 Wi

Finite element of a spring
Strain energy

1 1 1
U, :E FAu= Ek(Au)2 :—2k(u2 -u,)(u,-u,)

-k u1
Lul’ U2J Kk k -k
_ 1 [k]e - _k k , (stiffness matrix of a spring)
= ELqJe[k]e{Q}e
In the same way may be derived the stiffness médrixhe twisted shaft:

.= 5 7

e

whereGl, is a torsional stiffness and the nodal displacémeorrespond to the rotation of the end crossesect

The FE models of the elastic structures can be Hivilding the structure into finite elements offdient types ( beams, tension bars, springs

etc.)
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Example:

Find the finie element system of equatic[rlg]{Q} - {F} for the structure nrecantad phelow

"q, ! Ay dg
Solution

FE model may be created using 2 beam elementsrodredement and 2 spring elements. The total murobdegrees of freedom is 9
The stiffness matrices of the beam elements

6|3, | -6 3,
1 .12 2El 3'1 2'12 _?’Il |12
e =[ile = 12 |-6]-3,| 6 |-372
1 1 1

3, | 17 | -3, ] 2]

Degrees of freedom of the first element ag,,9,,d,, and for the second,,q,,qs,q;-
The stiffness matrix of the rod element is

=20 7
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Its degrees of fredom ag, and g,.
The stiffness matrices of the springs:

O e U

and corresponding degrees of freedom qgre, and qq Q.
The FE system of equatiofk]{q} ={F} for the assuming numbering of the degrees of teed

1 2 3 4 5 6 7 8 9
1 - po|1
2 2 1
G B p0|12
3 qz 12
|
4 q3 po 1
d, 0
5 0. ¢ =< — P
5 Poly P,
. G 2
2
0 Pols
7 0 12
8 0 I:7
Fs
9 I:9
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[K] may be written in the form

K]-

Coefficients of the stiffness matrix of the elemBo 1 (beam)

—  Coefficients of the stiffness matrix of the elemio 2 (beam)

—  Coefficients of the stiffness matrix of the elemiNo 3 (rod)

—  Coefficients of the stiffness matrix of the elemio 4 (spring)

Coefficients of the stiffness matrix of the elemio 5 (spring)

kj—l + ng k]J:Z kiS k]i4 0 O O 42 O
K | Kz Kz K2, 0 0 0] 0
;1 éZ é3+ kfl+ kil 1534+ k iZ k i3 k i4 k 312 O O
Ko |Ki| Ktk |Kitk3| K% |k5] 0] 0|0
0 0 Ky Kz | Katks| K3 0] 0 Ky,
0 |0 . 2, <2 |[k,| 0] 0] o0
0 0 K2, 0 0 o[k[o]o
o 0 0 0 ol o[k | ©
0 0 0 0 kS, ol ol ok}




