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TRUSSES AND FRAMES
Trusses - structures made of simple straight bars (meg)bgrined at their ends (nodes).

External forces and reactions to those forces @msidered to act only at the nodes and resultrize®in the members which are either tensile or

compressive forces. Other internal forces are eitigliexcluded because all the joints in a trusstegated as articulated joints.

|\

The examples of 2D truss and 2D frame

Frames are the structures with members that are rigatignected - e.g. with welded joints. The membdrfraames can be loaded by
concentrated and distributed forces. As a resel ttarry all possible internal forces (normal ahdas forces, bending moments and torsinal

moments).
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TRUSSES
2D trusses
Relation between the nodal displacements in ladahfent) coordinate systems and in global coordgmat
la], =|a.a, ], along the axis of the rod | q Je =| w,u,,u,,0, | in x,y coordinate system
y g =U cosa +u, Sina. (i=12)
U
Q| _|cosa simx 0 0|y
A, 0 0 comx sim||u,|’
Uy )
{q}e - [Tk ]{qq}e
Finite element of a plane truss
Strain energy of the element 2 < | -c? [ -sc
EA| sc | & |-sc| -§°
__l_qJ[ ] { } 2|‘ J [T] [k] [T]{qQ} [kg]e: | _~2 | _ 2 *)
x2 2x2  2x1 x4 4x2 ax1 e C SC| C SC
1 -xc|-s°| ¢ | §°
UG:ELqQJe[kQJe{qQ}e’ s=sina, c= cosy

The stiffness matrix of the truss element in global coordinate system
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Example.

Find the displacement vector of the node 4 ofsih®le 2D truss for the casg, = 5, and the horizontal force § =0).

Element1l nodes1and 4 slope angle= 3, length l, = | :
cosa,
Element 2 nodes 2 and 4 slope angte, =0 length 1, = |
cosa,
Element3 nodes 3 and4 slope angte, =-4, length I, = |
cosa,

Rozwigzanie

1 2 3
The stiffness matrices of the three eIemeLij ]e J [kij ]e J [kij ]e are defined by (*).
The system of FE equations:

ki |kp| 0] 0] 0] 0 Kis K [0 R

K, |k,|o[o][ o] o K, KL, 0 F,

O 0 k121 kl22 O O ka k ]2.4 O F3

o] ofK|K,| 0] 0 k2, k2, 0 .| R L
O 0 0 0 k131 ku kJ:.33 k ]3.’4 O F5
oo o] oK, |K, kS, K, 0 F.

kél k113-2 k§1 k 52 k gl k 32 k 13?:* k 233_’|- k 333 k 131- k 231- k 331 q7 PCOSy
kil killZ klzll k£212 kil kiZ k143+ k§3+ki3 k{4-4+k£214+ki4 LqS, \PSiny)

Taking into account thagy, =0 for j=1,6 the set of quations may be reduced to
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EA 3 sc 3 2 =
ZI—' ZI— q| |Pcosy
i=1 b i=1 Y
Assuming ﬁlzﬁzzﬁ y:O
@1+203‘ 0 ((q] (P
I 0 ‘Zszc g/ |0
where c=cosf, s=sing.
Then
¢ = Pl
" EAQL+2C°)

G =0.

The normal forces in the elements are calculatau the nodal displacements in the local (elemesjdinate systems
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3D truss element in the coor dinate system Xx,y,z

. c cX(Z:y cc, | —¢’ _CXSY —C,C,
v, cc, | ¢ |cc |-cc, | —cf | -cc,
‘l/JVz > [k g] _EA cxc22 cC, | C —cxzcZ -c,Cc, | —C;
v e I,| —¢ |-cc, | —¢cc, | ¢ | cc, | cg
W, -c,c, | —C; |-¢c, | cc, | C | ¢,
-c,C, | —¢,c, | —C; | ¢C, | ¢, 2

¢, =cosa, C, =C0sa, C, =COSq,

where %
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FRAMES
2D frame element in thelocal coordinate system
The stiffness matrix of a frame element assemhienh fthe stiffness matrices of the beam element Wwitih degrees of freedom and the rod

element with 2 degrees of freedom:

1 2 3 4 5 6
T—A 0 0 —'f—A 0 0
6
, | 2E & | & | &
s | E
a, o | 6B |4 [ |- [ =
2 iz | 2| 1
[k]e: _EA EA
=l B o | 221 o 0
= le le
1261 | -6kl 1E | - &
Ol e 0 TE | e

The stiffness matrix of a frame element in local coordinate system

The element with 6 DOF , the deformation defingdhe functionsu($) i w(é) in the local c.s. It is called also 2D beam eletme
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2D frame element in the global coor dinate system xy

y A

ul

q2 Vl
R 9
{a} = q, {9,}= u,
ds v,

de @,

The vectors of DOF of the frame element in thelocal c.s. {q}e and in the global c.s. {qg}e

The relation between the displacement of a nodateldcal (element) coordinate system and in globafdinate system

Q, =U,Ccosa +u, sinr ,
q, =-Uu,sina +u, cox

0; =6,
Ch U,
q2 Ul
s 6,
=T =T ,
o[ =g = inldal,
08 U,
O, 6,
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where the transformation matrii, | is

c|s|0] O|O0|O
-s|{c|0] O]0|O
olol1]l o|o0|loO
TI=l 9 ToTol e [s]0
0[0[0|-s|c]| O]
o(olol o|of1

Strain energy of the element

U, =Lal Ik =5 0 LITT KL ) o),
U, =3 a |,[] {a},.

K], =TT KLITT

is the stiffness matrix of the 3D frame elemenglobal c.s.
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3D frames (beams)

Z' Y1
W) y e
' Vi gpf \Z
The local (element) coordinate system is connewittdthe axis of the element. ' ;
The element x'is oriented along the element. —_ u
u, X
The y’ axis is automatically set parallel to thelgl xy plane @ @)

(If the element is perpendicular to the xy plare:this located T

in parralel to the global y axis)

The element input data include:
- the node locations

- the cross-sectional area zl

- 2 moments of inertia about the principal axes efglction

- the parameters defining shear stiffness in thecypat directions

and the torsional stiffness

.
A= uy vy, Wy 0% 2L Uy Vo, W, ,gag,gag,gp;J
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3D beam element and the corresponding stiffness matrix in thelocal (element) coordinate system xy'z




