STATIONARY GAS FLOWS IN DUCTS WITH
FRICTION AND/OR HEATING/COOLING
REVISITED




(GENERALIZED CONSERVATION EQUATIONS

Pl = pU; (1)
p1+p1u2 = P, +p2U2 + p, T (2)
i, +3iu’+iq=i,+1iu; (3)

EQUIVALENT FORMS

1 2 pl M 2 Tl (4)
\/7 \/7 2 |\/Il T2

1+ kM2 — f
1+kM2— f)= p.(1+kM2) = Pz_ 1 5
pl( 1 ) pZ( 2) pl 1—|—kM22 ()

T, _1+%Mf+q

T,A+*¥IM? +q)=T,1+ M7 = (6)

T, 1+8iMm;]




FROM (4), (5) AND (6) ...

OR

NOTE:

M,  1+kM? \/l+kzll\/lf+q

M, 1+kMZ—f\ 1+%1M?

MZ(L+ S ME) M2+ 5P ME +q)

(1+kM?2)? (1+kMZ = f)?

f=0,0#0 - RAYLEIGHFLOW
f>0,0=0 - FANNOFLOW




vioIatio/n of 2nd PT! violatio/n of 2nd PT!
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EFFECTS OF FRICTION (FANNO)

M dpo dM dT
FROM MASS CONSERVATION — =Cconst = + — =0
JT p M 2T
FROM ENERGY CONSERVATION
dT  (k-)MdM
TL+5IM?)=const = |—=— .
T 1+51M?2
HENCE
-)M* M?(@1+K2IM?
dp_ _[R+k-DMIMIM L+ 5IM? dp

P

M?(1+X1M?)

1+ (k—-DM2




INCREMENTAL/DIFFERENTIAL FORM OF THE LINEAR MOMENTUM EQUATION
DA+kM?2 = Af) = (p+ Ap)[1+K(M + AM )]
DROPPING NONLINEAR TERMS ONE GETS
—pAf =(1+kM?)Ap + 2k pM AM

MEANING THAT

dp_ 1+ (k-DM?

: T

STARTING FROM THE BASIC FORM ...
D+ pu’ — pAf = p+Ap+(p+ Ap)(u+ Au)?

AND DROPPING NONLINEAR TERMS ONE GETS

—pdf =dp+u’dp+2pudu




FROM MASS CONTINUITY pu=const = pdu+udp=0

IT FOLLOWS THAT u’dp=uudp =-pudu

AFTER INSERTION

2
_pdf —dp+ pudu = —df =3P, pu A
p p u
2 2 B 2
gf = LEUEDMT e du IR KEDME g mz U
1-M 7'“ u 1-M u
a2
FINALLY




AGAIN, FROM THE MASS CONSERVATION

dp+du:

pu=const = 0

THUS

dp___1
o 1-M*

SUMMARIZING

SHIR |ole <
|| ||>|—
—|=> |||«

o




EFFECTS OF HEATING/COOLING (RAYLEIGH)

INCREMENTAL/DIFFERENTIAL FORM OF THE ENERGY EQUATION
TA+5IM? +4q) = (T + AT)[1+ 51 (M + aAM )?]
U
dg =@+%1M?) 4L+ (k—1)MdMm
AGAIN, FROM MASS CONSERVATION

M:const = dp+dM _dT =0

JT p M 2T




AGAIN, FROM LINEAR MOMENTUM EQUATION

p(l+kM?)=const = dp+ ZkMZdI\/I:O
P 1+kM
THUS
dp  2kMdM  2kM? dM
D 1+kM?Z  1+kM® M
AND

M2(1+kM?) dT
21-kM?) T

AFTER INSERTION ONE GETS

M2(1+kM?2)dT  1-M? dT

dg=(1+¥1M )— (k —1)

20-kM?) T 1-kM2 T




HENCE

dT _1—k|\/|2dOI
T 1-M?
IT FOLLOWS THAT
dM  1+kM?
— 5 dq
M 201-M*)
AND
dp  kM?*
= d
p M?-1 |




INCREMENTAL/DIFFERENTIAL FORM OF THE ENERGY EQUATION AGAIN ...
- 1 2 - . - - 1 2
| +5U°+149 =1+ 41 +3 (U + 4u)

AFTER DROPPING NONLINEAR TERMS ...

idg=di+udu = dg=2+%du = dg-= ‘%r—T+“du
| | |

USING THE FORMULA FOR TEMPERATURE ONE GETS

2 2
Uau=dq- I = -2 ygq - (DY

T 1-M? 1

NOTE THAT

u? du du

—du (k=1) =k~ _PM2= :




HENCE

du 1 dp_ 1

— d —= d
YR p M?-1 |

SUMMARIZING

FLOW WITH HEATING (¢ > 0)
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