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Material with a clear yield point:

Uniaxial tensile test
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E – Young’s modulus

e – elastic limit

Re – yield stress

Rm – ultimate tensile stress

r – true stress

A – area of a neck

Material without a clear yield point:

R0,2




E

𝜀𝑝𝑒 = 0,2%

R0,2 – conventional yield strength

pe – permanent deformation

Steel: ST3S: Re= 200 MPa Rm= 450 MPa

Alloy steel: (Cr-Ni-Mo): Re= 870 MPa Rm= 1020 MPa

Aluminium: R0,2 = 120 MPa Rm= 140 MPa

Duralumin (PA9):  R0,2 = 490 Rm= 570 MPa
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7,8 / 1300 / 850 / 2,1x105 / 10

Alloy steel 30HGSA

 /     Rm /     Re    /   E / A5

g/cm3   MPa MPa MPa %

4,5 / 1020 / 950 / 1,085x105 / 9

Titanium alloy

1,9 / 1000 /  - / 4,2x104 / 2,4

Glass-epoxy composite (roving + Ep53+Z1)

2,8 / 430 / 280  / 7,2x104 / 13

Duralumin PA7N-ta

1,8 / 260 / 160  / 4,1x104 / 8

Magnesium alloy

0,6 / 110 / - / 1x104 / 1

wood (ash)

Materials used in aviation industry
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Equivalent stress hypothesis by Tresca (INTENSITY)
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The grains slide and lock each other

A sample made of mild steel with a clear yield point

All plastic deformation is caused by slippage

Hypothesis of Tresca:

The max value is a measure of the material effort for 
a given stress state indicating the first permanent 
deformations.
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3-D stress state Equivalent uniaxial stress state

Equivalent stress characterize a substitute uniaxial state of 
tension, which in terms of safety corresponds to the 3-D state.
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Equivalent stress hypothesis by Huber-Mises-Hencke (SEQV)

Plastic defomation occurs when the shear strain energy density (per unit volume) equals or exceeds the energy 
density at which the same material plasticizes in a uniaxial tensile test.

Energy density for 3-D stress state
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Energy density for 1-D tension
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Plastic deformation starts when  eqv= Re
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Von Mises criterion (SEQV)

Tresca criterion (Intensity)

Re







1

2

3

 1 2 3+ + =0

 1 2 3= =

Treska

HMH

Yield surface in a 3-D space of principal stresses
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Hardening models
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Rigid-plastic 

with hardening
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K (q) q = F

the matrix coefficients depend on the deformation caused 
by development of the plastic zone in the structure

Elasto-plastic deformation as a source of nonlinearity

𝑲𝑇 =
𝜕𝑭 𝒒

𝜕𝒒
= න

𝑉

𝑩0
𝑇𝑫∗𝑩0𝑑𝑉The tangent stiffness matrix:

The yield function can be expressed as: 

𝑓 = 𝜎𝑒𝑞𝑣 − 𝑅𝑒 𝜅 = 0

Equivalent stress. Yield stress

Nonlinear set of FEM equation:

Constitutive matrix including plastic strain: 𝑫∗ =
𝜕𝝈

𝜕𝜺

𝑩𝒐 - strain-displacement matrix   (𝜺 = 𝑩0𝒒)

𝜕𝑓

𝜕𝝈

𝒇 𝝈 < 𝟎 𝒇 𝝈 = 𝟎

For a single  q parameter
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𝐾 𝑞 𝑞 = 𝐹
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𝐹

𝑫∗ = 𝑫 − 𝑫
𝜕𝑓
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𝜕𝝈𝑇
𝑫 𝐸𝑡 +

𝜕𝑓

𝜕𝝈𝑇
𝑫
𝜕𝑓

𝜕𝝈

−1

D – constitutive matrix for the elastic state

𝐸𝑡 – tangent modulus

A nonlinear system of FEM equations is usually 

solved using iterative techniques (Newton-

Raphson method).

The flow rule: 𝒅𝜺𝒑 = 𝒅𝝀
𝜕𝑓

𝜕𝝈

Plastic strain increment

Plastic multiplier
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Example of elasto-plastic properties in ANSYS 
(Multilinear Characteristics with Kinematic Hardening)



Bilinear kinematic
(Elastic perfectly
plastic)

Example 1. Bending of a beam loaded by traction.
(half model)

Equivalent plastic strain
(100% of load)

Equivalent Von Mises stress
(100% of load) 

q

Plastic 
zones

Deflection at x = 0

Load [%]

Symmetry

Pinned
support

Residual stress after unloading

Stress SX
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Solid182

(Enchanced strain)
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Plane stress Plane strain Axis-symmetry

120mm

2
0
0 R30

100 MPa

E=7*104 MPa

 = 0.32

Example 2a. 2-D structures with a notch (linear elastic model)

Solid183

Equivalent Von Mises stress
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120

mm

2
0
0 R30

100 MPa

E=7·104 MPa

 = 0.32
R0,2 = 150 MPa

Eu=1000 MPa

Example 2b. 2-D structures with a notch (elasto-plastic model with hardening)

Solid183

Plane stress Plane strain Axis-symmetry

Equivalent Von Mises stress

Equivalent Von Mises strain
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