PROGRAM ROZWOJOWY
POLITECHNIKI WARSZAWSKIE]

FLUID MECHANICS 3 - LECTURE 6

INCOMPRESSIBLE POTENTIAL FLOWS
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General formulation of a potential flow problem
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In the domain (2, find velocity potential ¢ such that:
e« Vip=0 in Q2
e The following boundary condition is satisfied at 0.2 (impermeability of the solid bodies)

0p
v =v-n=Vp-n=—=0

n » on
e Far-field (asymptotic) condition is satisfied

lim o=V, = I|lim Vp=V_

]l ],

We will focus of 2D case.




Mathematical preparation

Consider the contour integral along the circle with the center at the origin and the radius R
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Assume that R_ — oo, We need to find the value(s) of the exponent ¢ such that the limit of
the above integral is finite and nonzero.

Clearly $@ds =2 [ f(6)do
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The answer is simple: two conditions must hold simultaneously

27
a=1 | jo f(6)dO 0.




Otherwise, either & >1 hence |lim =2+ =0 and the integral J vanishes, or &z <1 and then
gral J,,

R,—>00 Mo

lim -5 =00 . In the latter case, the finite limit of the integral J  exists only when

a-1
R,—®© M

21
IO f (8)d@ =0, which means that the integral J_ vanishes identically for arbitrarily large

values of the radius R_.
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y The velocity potential can be constructed by
superposition of four components ...
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We assume that the velocity field corresponding to the component (X, y) diminishes at large
distances faster than r " (and hence it does not contribute to the total circulation in the flow)

b=VHp~0(L) , a>1

r




Clearly, the function ¢ must be harmonic in the flow domain €2 , i.e.,
2513 4 -
Vip=0,9+0,0=0
The following boundary and far-field conditions are imposed

Un|a[2 = %(me =0 , !L@V@zuwex +V e,
An additional degree of freedom is the circulation of the contour-bounded vortex /. The
key problem is how to find the value of this quantity (and — in the first place — why we
need it!)

Typical aerodynamic airfoil has nearly sharp rear tip (we say — trailing edge). In theoretical
analysis we can assume ideally sharp tip, 1.e., the radius of curvature of the airfoil contour
becomes infinitely large at the training edge. Theoretically speaking, the angle of the trailing
edge may be larger or equal zero. In the latter case, the trailing point is a cusp.

If the contour-bounded circulation is “improper” then the fluid is forced to flow around the
sharp edge and the velocity at the very tip becomes infinite, which is nonsense. Hence, the
criterion of choice of the circulation is to obtain a physically meaningful flow at and near
the sharp trailing edge.




Kutta-Joukovski condition

The circulation of the bounded vortex should be such that:
e If the trailing edge angle is larger than zero — the trailing edge tip is the rear stagnation
point of the flow past an airfoil. This means that the velocity at this point is equal zero.
e If the trailing edge angle is equal zero (cusp) — the limit values of the tangent velocity
(obtained while the trailing edge tip is approached along either the bottom of the upper part
of the airfoil) must be equal.

Further comment:
If the trailing edge angle is nonzero, then violation of the K-J condition would lead to

ambiguity of the velocity vector. In the case of a cusp, it is sufficient that the upper and bottom
limits of tangent velocity are equal — as a rule the velocity at a cusped trailing edge is not equal
Zero.

a0 Ty
7 QF\\/\/
X
S~ OLZO V.
_’ﬂ . . .
o Violation of the K-J condition




Let us introduce a curvilinear coordinate s along the contour and suchthat s=0and s=L
correspond to the trailing edge point.

Mathematical form of the Kutta-Joukovski condition is:
e For atrailing edge with nonzero angle

Vo| =0

s=0
e For the cusped trailing edge (7 - unary vector tangent to the airfoil contour)

imVe-z=limVe-r

s—0" s—L-




Determination of the potential flow satisfying the Kutta-Joukovski condition

We write ¢ as the sum of two components

o(X,Y) =1 (X, y)+0,(X,Y)

The scalar field gﬁl IS the solution to the following boundary-value problem
e 2 A - u
Vip,=0 In Q2

<
0 —

where v, =U,e, +v,e, Is the velocity field induced by the bounded vortex with unitary
circulation (/7 =1).

Note that gbl depends only on the airfoil shape and position of the vortex center inside the
airfoil.




The scalar field gbz IS the solution to the following boundary-value problem

V2p, =0 in Q2
< A
&0, =V == U, +V,n,)|

The function (ﬁz depends on the geometry of the airfoil and on the orientation of the free-stream

velocity with respect to the airfoil (on the angle of attack). The value of the free-stream velocity
works here as a scaling factor for the field ¢,.

Total velocity field is given by the formula

v=V_+1I(v,+V@)+Ve,
Now, we impose the K-J condition (assume that the angle of the trailing edge is larger than
zero). Due to impermeability of the body we have

limo-n=limo-n

s—0" s—L




Thus, the K-J condition is equivalent to

lim(V_+V@,)-z+ I lim(p, +V@) =0
s—0" s—0"
Finally, we obtain the formula for the circulation of the bounded vortex

F:_(\/oo_l_vin).T
(0 +V@)t

s=0

Comment:

One usually solves the auxiliary BV problems formulated above by means of the numerical
methods. These problems are in fact the particular cases of the more general problem where a
harmonic function with prescribed distribution of the wall-normal derivative is sought in the
exterior domain. An efficient approach to such problem is to solve numerically the Boundary
Integral Equation. The solution of this equation yields the boundary value of the harmonic
function. Afterwards, this function can be “reconstructed” in any point within the domain by
computing some contour integrals.




Aerodynamic force

We will use the method of integral balance of linear
momentum to derive a formula for the aerodynamic

force in a 2D potential flow.

Without scarifying generality, we will assume that the
free-stream velocity is oriented along the Ox axix, i.e.,

V, =U_e,

V. =0

We introduce the control volume located between the
circular contour K_ centered at the origin and the

radius R .

Accordingly to the formula derived in the course of Fluid Mechanics I, the aerodynamic force

can be expressed as

F=Fe,+Fe,

:—I oV, S — j (p—p.)nds=—J, —J,
Ko Ky




Note that the Cartesian component F,  corresponds to the aerodynamic drag, while the
component F, is the lift force.

We will calculate J,, and J. Note that the velocity field can be expressed by the following
formula (where the circulation /" has been chosen accordingly to the K-J condition)

o=V, +Iv+Vo=U, +TI'U)e,+Tve,+0(iz

The last term contained all terms vanishing with the distance faster than 1/ R_ .

In the above formula, the Cartesian components of the velocity induced by the unary vortex
appear. At the external circle K_ these components are equal

Ul =- cosé

. sind , v, =

- 27R Ko 27R

o0 o0

Hence, the total velocity at the circle K_ is equal

o0

cosfe, +0(R§a)

o, :{Uw - 1; sin H}ex -
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Note also that the external normal vector at K_ is: N,

o0

Let’s calculate the normal velocity at the contour of K_

=v-n| =U_cosf- sin@cos @ +
- e 27R_ 27R

=U cos@+O(RM)
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We also need ...

.|,
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We compute J,,

27
=pj unvds={pRooj(chose—£,URz sin@cos@)d@}eﬁ
0

=cosde, +sinde,

cos@sin @ +0O( R1+“)

“© COS° Oe, + O(RM)

2r
+{PROO _[ s COS’ Hdﬁ}ey +O(R.")=3pU_Ie, +O(R.")
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The pressure integral J, can be calculated with the use of the Bernoulli Equation ...

Jo=[(p-pnds = 3p[(UI-V*)nds
K., Ko

Bernoulli

We need to find the square of the velocity magnitude ...

2 2
VZ=|U_ - L sin6?+0( fm) o L cos«9+O( f;a) =
2R R 2R i

o0 o0
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We compute J; ...
2
J, =%pj UZ-V?)nds=1p ijuwrsinecosede e, +
K TR,
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Finally, we obtain the formula for the aerodynamic force (known as the Kutta-Joukovski
formula)

F=-J,-J,=—pU,l€,

Note that:
e F = O - lack of the drag (d’ Alembert paradox) !!!

. Fy =—pU_1I" -lift force is proportional to the circulation of the bounded vortex




Application of complex functions in classical aerodynamics

Assume that the potential flow is given with

p=p(Xy) , w=w(XYy)
Let us formally introduce the following change of the coordinates
Z=X+I X=3(z+7 _
{7=x—i§ = {y%((z—z)) i
Next, define a function of two complex variables
W(z,7) =pl3(2+7), % (2 -D)]+1yl3(2+7),%(z2-7)]
Let’s calculate the partial derivative

OW (2,2) =20,0(.) ~50,0(.) + $0,p () +i(-£)o,w () =
= 3[0,0(.) 2w (] + £i[0,0(.) + 0,0 ()]




We know that the following equalities hold
op=0w=u , J,p=—0y=v

which implies that oW (z,Z)=0

Thus, the function W is in fact a function of just one complex variable, i.e., W =W (Zz). Let’s
calculate its first (ordinary) derivative ...

W'(z) = 30,0(-) +50,0(.)+ 30w () +iz0,p(.) =

= 1[0,0(.) + 0,y (] -3i[0,0(.) - dp () =u-iv
=20y p=2U =20y p=20

The quantity
V() =W'(z)=(u—-1v)(X,y) , Z=X+1Yy

Is called the complex velocity. The function W is called the complex (velocity) potential.




Examples:

1. Uniform stream W(z)=V_z ,V_=u_—Ilv,_

2. Source/sink at the point z, = X, +1Y,

W(z):gLn(z—zo) , V(2)= Q_1
27 21w 7—1,
3. Potential vortex with the center at the point z, = X, + iy0
W@ =L tn@z-z) . V(z)=2-—2
27l 2l 7 -1,

4. Doublet at the point  z, = X, + iyo

W(Z)=ZE)Z : V(Z):_(Z_DZ )?




5. Symmetric flow past a circular contour |z|=a

7T A2
W)=V 2+ L L nz)
4 27l
7 A2
V(z)=v, Y2 11
Z 27l Z

Note: Natural logarithm of the complex argument is defined as (z = |z|eiargz =re')
Ln(z)=In|z|+iargz=Inr+i@

Note that the imaginary part of the complex logarithm is the multivalued function!

Exercise:

1. Using complex calculus show that the contour zZ = a° is one of the streamlines.
2. Write the complex form of the Milne-Thomson theorem (see Lecture 1)




Aerodynamic force and moment. The Blasius formuale

dX =dRsin(2z —8) =—p(s)sindds
dY =dRcos(2z —68) = p(s)cosds

dz =e“’ds = dx=cosdds, dy =singds

>
We define
e, €, &
dR=dX -idY , dM,=rxdR=|x y 0|=(xdY-ydX)e,
dX dY O




dR =—psindds —i pcosfds = —i p(cosd —isinG)ds =—i pe’ds =—i p(z)dz
dM, = xp&scj;(@g+ yps%ﬁﬂg = p(xdx+ ydy) = pfRe(zd 7)
From the Bernoulli Equation we have P, +ipUl+0l)=p(2)+ipV (z)|2
Hence p(2)=B-1pN @) =B-1pW'(2)

Note that at the body contour only tangent velocity exists, so it is identical to the total
velocity magnitude. Let’s calculate the following complex value ...

W'(z)e" = (u—iv)(cos@+isind) =ucosd+vsin@+i(usin&—vcosd) =ucosd +vsin
—VN=0

In the above, we have used the fact that the external normal vector is equal

n=[-sind,cosd]




We conclude that the value W'(z)eig computed at the body contour is a real value and

W'(z)e’| =W'(z)|

Hence, the pressure at the contour can be expressed as follows

p(z)=B-3pW'(2)I ™

Aerodynamic “conjugate force”” and moment are expressed by the following contour integrals
R=—ip()dz , M,=-Rep(2)zdz
We insert pressure from the Bernoulli equation. Then, the value of the force is

R=—i{p{B -1 pW'(2)]’e”"}dZ =—iBdZ +1i ppW'(2)]’ e ds = i?pcﬁ[w’(z)]zdz

0 elfds=dz

This way, we have obtained the 1% Blasius Formula

X —iY =i§<j‘>[\/\/'(z)]2dz




Next, we calculate the aerodynamic moment ...

M, = Re{B -1 pW'(2)]e*"}2dz _Bmecﬁ 2d7 —ﬁmecﬁ[vv ()] ze™e™ds =
0 e"9ds dz

= —4RepW'(2)] 202

We have obtained the 2" Blasius Formula

~5RepW'(2)] 2dz

An interesting (and practical) property of complex contour integration is that changing the
integration contour does not affect the value of the integral as long as the set of integrand’s
singularities enclosed by the contour is not changed. This property allows for easier evaluation
of complex contour integrals by choosing more convenient integration contours.

If all singularities in the flow are “hidden” inside the body interior then the force and moment
can be computed by choosing other (perhaps more convenient) contour. Such contour could be
the circle K _ with the large radius R _, surrounding the body.




If all singularities (point-localized or spatially distributed) are confined inside the body thaen —
from the large distance — they nearly “look like” concentrated at the origin. The far-field
complex velocity can be written in the following form

Wi(z)=v + el Loml o0y
27 7 27l 2

where Q, ., and 7, denote — respectively — total flow rate of sources/sinks and total charge

of the circulation in the flow. The last symbol stands for all terms which diminish with the
distance faster than 1/ |z|.

Assume that Q,,, = 0 and calculate the square of the complex velocity W'(z) ..

VooFtOta| 1 +O(Z_1)
7l /

W'(2)]" =V,
Form the 1% Blasius formula we get the expression for the force

—|Y—|'0<_[>[\N (2)]Ad Z_IpVﬂ{q‘)dZZ:ip[Vw




Since V_ =u_ —Iv_ the Cartesian components of the force vector are
X=plv, , Y=—plu,

Note that this vector is oriented perpendicularly with respect to the free-stream velocity
direction. Indeed, we have

R-V.=Xu_ +Yu, =pl(ou —uuv )=0

Hence, there is no aerodynamic drag (d’Alembert paradox). The absolute value of the lift force
IS equal to the length of the vector R, i.e.,

L :p‘F‘\/ui +0?




Application of conformal mappings

Ay 7= F(Z) A y

Z=x+iy

\
X v

Z=F(2)

Conformal mapping 2=F(2)

In a real notation:

x=T1(X,Y), y=9(X,Y)
f =ReF , g=OmF
Functions f and g satisfy the Cauchy-Riemann conditions:

o f=0,g . 8,f=-0y0




What is an actual meaning of “conformal”? Consider the transformation of two smooth lines
(see Figure). We will show that the angle between these lines at their intersection point is

preserved if the mapping is conformal (i.e., = /) and its derivative O<|F’(ZO)|<oo
(meaning that the point Z, is a regular point of this mapping).

First, we need to know how a tangent vector to a given line changes during a differentiable
mapping of the plane.




In a general case, tangent vectors are transformed accordingly to the linear transformation
defined by the local Jacobi matrix of the mapping. In our case, this matrix can be written as

‘]F:|:8Xf an} _ {fo 8Yf} _ {GYg —axg}

0,9 0,9 |CR -0, f o,f|C-Ro,g 0,0

Hence, the transformation formulae for the tangent vector are
=0,fT+o,fT, , t,==0,TT, +0,TT,

Let’s define the complex tangent vectors to the original and transformed lines

T=T, +iT, , t=t +it,

y b)
Since the transformation F is conformal, then its derivative can be written as
F'(Z2)= Oy f(X,Y) —ic’?Y f(X,Y)

Note that the transformation formulae given above can be obtained by the following complex
multiplication

t(z)=F'(2)T(Z2) , z=F(2)




In the case depicted in the Figure, we can write

ti(zo) — F’(Z O)Tl(ZO) , tz(zo) — F’(Z o)Tz(Zo)

Next, let us note that the inner (scalar) product of two vectors can be obtained by the following
multiplication of their complex representations

Lt =[(t), +1(t), l[(t,), —1(t),] = (1) (&), + (1), (L), —ilt), 1), —(t),(t,),]=
=1, -t, -1 (t; x1,),

meaning that t, - t, =Re(LLt).

Now we are ready to show that the angle between the tangent vectors remains unchanged. To
this aim, we calculate the product

4(2)8(2,) = F'(Zo)T(Zo) F (Z)T, (Z) =[F'(Zo)] Tu(Zo)T (Z,)

The vector’s lengths are transformed as follows:

||t1||2 :‘\/tl'tl :\/ﬁ(zo) :\/|F'(Zo)|2T1-r1 :|F’(Zo)|\/ﬁ:|F’(Zo)|”T1”2

By analogy ||t2||2 - |F'(Zo)|”T2”z




From the obtained formulae follows that

L(2)5() _ [F@I @) _T(Z)T(Zy)
[tl,ltl,  F' @I, IF'@ITl, [T, [Tl

Which implies identity of the sine and cosine function of the angles & and /[. Hence, these
angles are the same, which ends the proof.

If an orthogonal grid is defined in the plane (X,Y) then its image in
the conformal mapping is also a (curvilinear) orthogonal grid (at all
regular point of the mapping). Since orthogonal grids are of particular
value, the method of conformal mappings is often used in the grid
generation for the use in the Computational Fluid Dynamics (CFD).




A key property of the conformal mappings is that they preserve also the circulation of the
transformed potential flow.

Let W =W (Z) be the complex potential of a certain flow in the plane (X,Y). The conformal
mapping z = F(Z) transforms this flow into another potential flow in the plane (X, V), with
the complex potential W =w(z) such that:

W(Z)=wW[F(Z)] and wW(z)=W[F(2)]
It follows that the complex velocity transforms accordingly to the formulae

W'TF ()]

W/(Z)=WF@)IF(Z) and w(2)=WIF@)F™)@) =Freay

Circulation along the line L in the plane (X,Y) can be expressed as
I =[U,dX +U,dY =Re[ (U, —iU, )(dX +idY) = Re[W'(Z)dZ
L L L
Note that j W'(Z)dzZ = j W[F(Z)]F'(Z)dZ = j W'(z)dz
L L I

Where the symbol | denotes the image of L in the mapping F . The obtained equality means
that the circulation is preserved in this mapping.




Example — Joukovski’s mapping

Consider the mapping defined by the formula
2

z=|:(Z)=Z+C7 " ceR,c>0

The derivative of this mapping is
2

, C
F'(2)=1->

Singular points (where the derivative vanishes): (0,0), (£c,0).




CASE 1: Joukovski’s mapping of the circle | Z |=C.

A
Y z=/+c?/Z

Bl

&
A 0 \B A
U

2CX

The image of the circle is the horizontal segment (,,flat plate”) described parametrically as

2(6) =ce' +ce™? =2ccosd

Note that the singular point are located at the circle.




Exercise 1: In the plane (X,Y), construct the potential flow in such a way that stagnation points
assume angular locations =0 and &= 7+2 ¢ (an appropriate choice of free-stream
velocity V_ =u_ —Iiv_ and the circulation /7~ is required). Then, calculate velocity and pressure

distributions on the plate. Calculate also the lift force coefficient

LT
" 1pNV [4c 2c),




CASE 2: Mapping of the circle |Z—asinfl=a , a= L

- cosf
AY Ay 1
C P z=2+c?/Z
a ~
R c
AeTBy/0N JB , A I g
-C O c X -2¢c 2¢
D

This circle is transformed in the arc of the circle described mathematically by the following
formula

x> +(y +2cctg28)” = (2¢/sin23)°

Detailed derivation — see the handbook ,.Fluid Mechanics” 5th Ed., by P.K. Kundu, I.M. Cohen
and D.R. Dowling.




CASE 3: Mapping of the circle |Z + ec|=c(l+ &) =a

P z=7+c3%/Z

Image — symmetrical Joukovski airfoil (having for small &, maximal thickness equal
~1.3 ¢ -4c located near the point of "4 of the chord, i.e., X . ~—C).

Kutta-Joukovski condition - point B must be a stagnation point of a potential flow past a
circular contour in the plane (X,Y). Then, the velocity at the trailing edge point B’ is unique and
finite (the angle of the trailing edge for this airfoil is equal zero)

Some pictures ...




1.5

0.5

-0.5

-1.5

Symmetric flow past a symmetric Joukovski airfoil
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Flow at nonezero anqle of attack of a symmetric Joukovski airfoil

Flow with zero circulation and lift force — the Kutta-Youkovski condition is violated
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Flow at nonezero angle of attack of a symmetric Joukovski airfoil (cont.)

| ———=N @ ==
‘ ===y = ——c=====
. ImRs==J ) _—====—=
\7/mpE==Nl lss=====
A e | VO s e e
N = ) g

The circulation /" has been chosen so that the Kutta-Joukovsky condition is satisfied. The list
force equal to L = p|I"|V,, is generated in this case.




CASE 4: Mapping of the circle |Z — (—sc+iatgps)|=(a/cos 8)* , a=c(l+¢)

=~

AY A

P z=7+c?/Z y

For £ <1 and small angles £ we have:

e Chord of the airfoil = 4c ,
e Maximal deflection (camber of the airfoil) =~ 2c/ ,

e Maximal thickness t_. /4c ~1.3¢ (located near Y of the chord from the airfoil’s nose,
l.e.,at X~ —C)

Again, some pictures ...
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Flow past a non-symmetric Joukovsky airfoils at zero angle of attack
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Flow with zero circulation and lift — The Kutta-Joukovski condition is violated. Hence, the non-
symmetric Joukovski airfoil must generate lift at the zero angle of attack!




Flow past a non-symmetric Joukovski airfoil at nonzero angle of attack
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Flow past a non-symmetric airfoil at the angle of attack equal o =~ —13.7°. The Kutta-
Joukovski condition is satisfied. The circulation of the flow is zero, hence the airfoil does not
generate the lift force.




Flow past a non-symmetric Joukovski airfoil at nonzero angle of attack (cont.)
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Correctly constructed flow past a non-symmetric airfoil with the angle of attack o = 30°.




Lift force on the Joukovski airfoll

- o

The Kutta-Joukovski condition requires that the point B is the stagnation point of the flow In
the (X,Y) plane. The circulation in this flow must be equal

I'=47V _Rsin(a+ ) (R - radius of the circle)




The lift force coefficient is equal (chord =~ 4R)

c__ L _or
~ 1pVZ.chord V_-chord

~ 27sin(a + f) = 2x(a + f)

Conclusions:

: : . .. dC
e For small camber values (the relative camber is equal 3 /) the derivative r L =2r,
o

e The deflection of the airfoil lead to the vertical shift of the characteristic C, =C_ (&),
e The zero lift conditions correspond to the negative angle of attack o = —/3

Exercise:

1. Perform the analysis of the flow past a symmetric Joukovski airfoil and show that for small
values of the parameter £ one obtains

What can you say about influence of the airfoil thickness on the slope of the line C, =C_ («)?




dC
2. Perform more detailed analysis of influence of the airfoil camber on the slope X = (for
o

simplicity, assume that the thickness of the airfoil is zero, i.e., £ =0) and show that for slightly
deflected airfoils the following approximate relation holds

dC,
da

~27(1+2f?)

In the above, the symbol f denotes the camber ratio (the ratio between the maximal deflection
of the mean camber line and the chord of the airfoil).




